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❞❡ ♠✬❡♥❝❛❞r❡r t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡s tr♦✐s ❛♥♥é❡s ❞❡ t❤ès❡✳ ▼❡r❝✐ ♣♦✉r ❝❡ q✉✬✐❧ ♠✬❛ ❛♣♣r✐s✱ ♣♦✉r s❛
❞✐s♣♦s✐❜✐❧✐té✱ ♣♦✉r s♦♥ ❡♥t❤♦✉s✐❛s♠❡✱ à t♦✉❥♦✉rs ❧✬é❝♦✉t❡ ❞❡ ♠❡s ♥♦♠❜r❡✉s❡s q✉❡st✐♦♥s ❡t ♣♦✉r s❡s
❝♦♥s❡✐❧s s✐ ♣ré❝✐❡✉① ❞❛♥s ❧❛ r❡❝❤❡r❝❤❡✳ ■❧ s✬❡st t♦✉❥♦✉rs ✐♥tér❡ssé à ❧✬é✈♦❧✉t✐♦♥ ❞❡ ♠❡s tr❛✈❛✉①✳ ❉❡s
♥♦♠❜r❡✉s❡s ❞✐s❝✉ss✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❡✉❡s ❛✐♥s✐ q✉❡ ❞❡s ❝♦♥s❡✐❧s q✉✐ ♦♥t ♣♦✉r ❜❡❛✉❝♦✉♣ ❝♦♥tr✐❜✉é
❞❛♥s ❧❡ rés✉❧t❛t ✜♥❛❧ ❞❡ ❝❡ tr❛✈❛✐❧✳ ❏❡ t✐❡♥s ❞♦♥❝ à ❡①♣r✐♠❡r ♠❛ très ♣r♦❢♦♥❞❡ ❣r❛t✐t✉❞❡ ❡♥✈❡rs ❧✉✐✳
▼❡s r❡♠❡r❝✐❡♠❡♥ts s✬❛❞r❡ss❡♥t à ▼✳ ❉❛♥ ❈r✐s❛♥ ❡t ▼✳ ◆✐❝♦❧❛s ❈❤♦♣✐♥ ❞✬❛✈♦✐r ❛❝❝❡♣té ❞❡
r❛♣♣♦rt❡r ❝❡tt❡ t❤ès❡✳ ❏❡ ❧❡✉r s✉✐s r❡❝♦♥♥❛✐ss❛♥t✱ ❡t s✉✐s ❤♦♥♦ré ❛✉ss✐ q✉✬✐❧s ❛✐❡♥t ♣r✐s ❧❡ t❡♠♣s
❞❡ s✬✐♥tér❡ss❡r à ♠♦♥ tr❛✈❛✐❧✳ ▼❛ r❡❝♦♥♥❛✐ss❛♥❝❡ s✬❛❞r❡ss❡ ♥❛t✉r❡❧❧❡♠❡♥t à ❧✬❡♥s❡♠❜❧❡ ❞❡ ♠♦♥
❥✉r② ✿ ▼✳ ❇r✉♥♦ ❘é♠✐❧❧❛r❞✱ ▼✳ ❈é❞r✐❝ ❇❡r♥❛r❞✐♥✱ ▼✳ ➱r✐❝ ▼♦✉❧✐♥❡s✱ ▼✳ ❋r❛♥ç♦✐s ❉❡❧❛r✉❡ ♣♦✉r s❛
♣❛rt✐❝✐♣❛t✐♦♥✱ s❡s ❝♦♠♠❡♥t❛✐r❡s ✉t✐❧❡s✱ s❡s ❝♦rr❡❝t✐♦♥s ❡t s❡s s✉❣❣❡st✐♦♥s q✉✐ ♦♥t ❛✐♥s✐ ❛♣♣♦rté ✉♥❡
❝❡rt❛✐♥❡ ❛♠é❧✐♦r❛t✐♦♥ ❞❡ ♠❛ t❤ès❡✳
❏❡ r❡♠❡r❝✐❡ à ❧✬éq✉✐♣❡ ♣r♦❜❛❜✐❧✐té✲st❛t✐t✐sq✉❡ ❞❡ ♠✬❛✈♦✐r ❝♦♥s✐❞éré ❝♦♠♠❡ ♠❡♠❜r❡ ❡♥tré❡ ❞❡
❧❡✉r éq✉✐♣❡✳ ❏❡ ✈♦✉❞r❛✐s rés❡r✈❡r ✉♥❡ ❛tt❡♥t✐♦♥ à ▼✳ ❋r❛♥ç♦✐s ❉❡❧❛r✉❡ ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡
❞✬❛♣♣r❡♥❞r❡ ❝❛❧❝✉❧ st♦❝❤❛st✐q✉❡✱ ♠❡r❝✐ ♣❛rt✐❝✉❧✐èr❡ ♣♦✉r ❝♦♥s❡✐❧s ♣ré❝✐❡✉① ❞❛♥s ❧❛ r❡❝❤❡r❝❤❡✳
❏❡ r❡♠❡r❝✐❡ s✐♥❝èr❡♠❡♥t ▼♠❡✳ ❙té♣❤❛♥✐❡ ◆✐✈♦❝❤❡ q✉✐ s✬❡st ♠♦♥tré❡ très ❣❡♥t✐❧❧❡ ❡t s♦❝✐❛❜❧❡
❡♥✈❡rs ❧❡s ét✉❞✐❛♥ts ✈✐❡t♥❛♠✐❡♥s ❡t q✉✐ ♥♦✉s ❛ ❜❡❛✉❝♦✉♣ ❛✐❞é ❞ès q✉❡ ♥♦tr❡ ❛rr✐✈é à ◆✐❝❡✳ ▼❡r❝✐
♣♦✉r ✈♦tr❡ ❛✐❞❡ ❡t ♣♦✉r ✈♦s ❡♥❝♦✉r❛❣❡♠❡♥ts✳
❈✬❡st ❛✈❡❝ ✉♥❡ é♠♦t✐♦♥ ❢♦rt❡ q✉❡ ❥✬❛✐ ❛♣♣ré❝✐é ❧✬❛♠❜✐❛♥❝❡ ❛✉ s❡✐♥ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❏✳❆ ❉✐❡✉✲
❞♦♥♥é ♦ù ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ ❜é♥✐✜❝✐❡r ❞✬❡①❝❡❧❧❡♥t❡s ❝♦♥❞✐t✐♦♥s ❞❡ tr❛✈❛✐❧ ❡t ❞✬✉♥❡ ❛♠❜✐❛♥❝❡ ❢♦rt❡
s②♠♣❛t❤✐q✉❡✳ ❆✉ss✐✱ ❥❡ ♣r♦✜t❡ ❞❡ ❝❡tt❡ ♦❝❝❛s✐♦♥ ♣♦✉r r❡♠❡r❝✐❡r t♦✉s ❧❡s ♠❡♠❜r❡s ❞✉ ❧❛❜♦r❛t♦✐r❡✱
❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ✐♥❢♦r♠❛t✐❝✐❡♥s ❏❡❛♥✲▼❛r❝ ▲❛❝r♦✐① ❡t ❘♦❧❛♥❞ ❘✉❡❧❧❡ q✉✐ s♦♥t très ❡✣❝❛❝❡s ❞❛♥s
rés♦❧✉t✐♦♥ ❞❡s ♣r♦❜❧è♠❡s ✐♥❢♦r♠❛t✐q✉❡ ❡t ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞✬❛♣♣r❡♥❞r❡ ❧❡ ❢r❛♥ç❛✐s✱ ❧❛
❣✉✐t❛r❡ ❡t s✉rt♦✉t ♣❤✐❧♦s♦♣❤❡r ❡♥s❡♠❜❧❡✳
▼❡r❝✐ à t♦✉s ❧❡s t❤és❛r❞s ❞✉ ❧❛❜♦r❛t♦✐r❡ ❛✐♥s✐ q✉❡ t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛ssé ❞❡
❜♦♥s ♠♦♠❡♥ts ❞❡ ❞✐s❝✉ss✐♦♥s✱ ♥♦♥ s❡✉❧❡♠❡♥t ❡♥ ♠❛t❤s ♠❛✐s ❛✉ss✐ ❡♥ ❝✉❧t✉r❡ ❡t ❡♥ s♣♦rt✳ ❆✈❡❝
q✉✐ ❥✬❛✐ ♣❛rt❛❣é ♠❡s ❞✐✣❝✉❧tés ❞❛♥s ❧❛ r❡❝❤❡r❝❤❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❈❛r♦❧❡ ❇✐♥❛r❞ ❡t ❧❡ ♣❡t✐t ❣r♦✉♣❡
❞❡s ❣❡♥s ❞❡ ▼❛t❤s ✓ ▼✳❆t♦❩ ✔✲ ❍✉♦♥❣✱ ❘✐♥❡❧✱ ❊♠♠❛♥✉❡❧✱ ▲❛♠✱ ❩❤❡♥❣ ❏✐q✐❛♥❣✱ ❇②r♦♥✱ ❚✉❡✱ ●✐❛♦✱
❧✬❛ss♦❝✐❛t✐♦♥ ❞❡s ét✉❞✐❛♥ts ✈✐❡t♥❛♠✐❡♥s à ◆✐❝❡✱ ❧❡ ❣r♦✉♣❡ ❞❡ ❢♦♦t❜❛❧❧ ♥❛②♥♦✳
▼❡r❝✐ à t♦✉s ♠❡s ❛♠✐s à ◆✐❝❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ❢❛♠✐❧❧❡ ❈❤r✐s✲❚❤✉② ❍❛✱ ❧❛ ❢❛♠✐❧❧❡ ◆❛♠ ❚❤❛♦✱
▼❛❞❛♠❡ ❍✉② q✉✐ ♦♥t t♦✉❥♦✉rs été ❞✐s♣♦♥✐❜❧❡s ♣♦✉r ❛♣♣♦rt❡r ❧❡✉r ❛✐❞❡✱ ❡t ♥♦✉s ❛✐❞❡r à ♥♦✉s ✐♥té❣r❡r
❡♥ ❋r❛♥❝❡✳ ●râ❝❡ à ❡✉①✱ ♠❛ ✈✐❡ ❡♥ ❋r❛♥❝❡ ❞❡✈✐❡♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❛❣ré❛❜❧❡✳
▼❡s ♣❧✉s ♣r♦❢♦♥❞s r❡♠❡r❝✐❡♠❡♥ts ✈♦♥t à ♠❛ ❢❛♠✐❧❧❡ ❛✉ ❱✐❡t ◆❛♠ ❡t à ♠❡s ♣❛r❡♥ts✳ ❚♦✉t ❛✉
❧♦♥❣ ❞❡ ♠❡s ét✉❞❡s✱ ✐❧s ♠✬♦♥t t♦✉❥♦✉rs s♦✉t❡♥✉✱ ❡♥❝♦✉r❛❣é✳ ▼❡r❝✐ à ❡✉① ❞❡ ♠✬❛✈♦✐r ❢❛✐t ❝♦♥✜❛♥❝❡✳
❊♥✜♥✱ ❥❡ r❡♠❡r❝✐❡ ❞❡ t♦✉t ♠♦♥ ❝♦❡✉r à ♠❛ ❝❤ér✐❡ ◆❣✉②❡♥ ❚❤♦❛✱ à ♠♦♥ trés♦r ❇❛♦ ▲♦♥❣ ♣♦✉r
❧❡✉r ❛✐❞❡✱ ❧❡✉r é❝♦✉t❡✱ ❧❡✉r s♦✉t✐❡♥ ♠♦r❛❧ ❞❛♥s ❧❡s ♠♦♠❡♥ts ❞✐✣❝✐❧❡s ❡t s✉rt♦✉t ♣♦✉r ❧❡✉r ❛♠♦✉r✳
✺

■♥tr♦❞✉❝t✐♦♥
▲❡ ♣r♦❜❧è♠❡ ❞✉ ✜❧tr❛❣❡ ❝♦♥s✐st❡ à ❡st✐♠❡r ❧✬ét❛t ❞✬✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡ à ♣❛rt✐r ❞✬♦❜s❡r✈❛✲
t✐♦♥s ❜r✉✐té❡s ❞❡s ét❛ts ♣❛ssés ❞✉ s②stè♠❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡ ❜✉t ❞❡ ❝❡ ♣r♦❜❧è♠❡✱ ❣é♥ér❛❧❡♠❡♥t
❡♥ t❡♠♣s ❝♦♥t✐♥✉✱ ❡st ❞❡ ❝❛❧❝✉❧❡r✱ à ❝❤❛q✉❡ ✐♥st❛♥t t✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡
πt ❞❡ ❧✬ét❛t X s❛❝❤❛♥t ❧❡s ♦❜s❡r✈❛t✐♦♥s ♣❛ssé❡s σ− ❛❧❣è❜r❡ Yt✱ ♦ù ✿ Yt = σ (Ys, 0 ≤ s ≤ t)✳ ▲❛ ❞✐s✲
tr✐❜✉t✐♦♥ πt ❛✈❡❝ ❝♦♥✈❡♥t✐♦♥ π0 ✭ ❧❛ ♠❡s✉r❡ ✐♥✐t✐❛❧❡✮ ❡st ❛♣♣❡❧é❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧✳ ▲❛ r❡❝❤❡r❝❤❡ ❡♥
✜❧tr❛❣❡ ❡st ♠♦t✐✈é❡ ♣❛r ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❞❡s ❞♦♠❛✐♥❡s ✈❛r✐és t❡❧❧❡s q✉❡ ❧❡ ♣✐st❛❣❡
❞❡ ❝✐❜❧❡✱ ❧❛ ❝♦♠♠❛♥❞❡ ♦♣t✐♠❛❧❡✱ ♦✉ ❧✬é✈❛❧✉❛t✐♦♥ ❞✉ r✐sq✉❡ ❡♥ ✜♥❛♥❝❡ ✦ ❡❝t✳ ◆♦✉s ♠❡♥t✐♦♥♥♦♥s ✐❝✐
❜r✐è✈❡♠❡♥t ❧❡ ❝♦♥t❡①t❡ ❛♣♣❧✐❝❛t✐❢ ❞✉ ✜❧tr❛❣❡✳
P✐st❛❣❡ ❞❡ ❝✐❜❧❡ ✭ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥ s❛t❡❧❧✐t❡ ✮ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦✲
❧✉t✐♦♥ ❞❛♥s ❧❡ t❡♠♣s ❞✉ ♠♦✉✈❡♠❡♥t ❞✉ s❛t❡❧❧✐t❡ s✬é❝r✐t s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ t❡r♠❡ ❞✬é✈♦❧✉t✐♦♥ ❞ét❡r✲
♠✐♥✐st❡ ❡t ❞✬✉♥ t❡r♠❡ ❛❧é❛t♦✐r❡ ✭à ❝❛✉s❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ♣r❡ss✐♦♥ ❞❡ r❛❞✐❛t✐♦♥✱ ❞✉ ❢r♦tt❡♠❡♥t
❛t♠♦s♣❤ér✐q✉❡✱ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞✬❛✉tr❡s ❝♦r♣s ✭❧✉♥❡✱ s♦❧❡✐❧✮✱❡❝t✮✱
dXt
dt
= f (Xt) + g (Xt)
dWt
dt
P♦✉r s✉✐✈r❡ ✉♥ s❛t❡❧❧✐t❡✱ ♦♥ ❞✐s♣♦s❡ ❞❡ n st❛t✐♦♥s r❛❞❛r ✳ ▲❛ i−✐è♠❡ st❛t✐♦♥ r❛❞❛r r❡ç♦✐t ✉♥❡ ♣❛rt✐❡
❞✉ s✐❣♥❛❧ ❡t ✉♥❡ ❛✉tr❡ ❞✉ ❜r✉✐t ❞❡ ♠❡s✉r❡ q✉✐ ❡st ✉♥ ❜r✉✐t ❜❧❛♥❝✱
yi,t = hi (t,Xt) + ηi,t, 1 ≤ i ≤ n
◗✉❛♥❞ ❧❛ ❢♦♥❝t✐♦♥ hi ❡st ♥✉❧❧❡✱ ♦♥ ❞✐t q✉❡ ❧❛ st❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ♥❡ r❡ç♦✐t ♣❛s ❞❡ s✐❣♥❛❧✳ ▲❡
♣r♦❜❧è♠❡ ✐❝✐ ❡st ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ♣♦s✐t✐♦♥ ❞✉ s❛t❡❧❧✐t❡ à ❝❤❛q✉❡ t❡♠♣s t✳ ■❧ s✬❛❣✐t ❞♦♥❝ ❧❡ ❝❛s ❞✉
✜❧tr❛❣❡ ♥♦♥ ❧✐♥é❛✐r❡ ❡♥ t❡♠♣s ❝♦♥t✐♥✉✳
❊st✐♠❛t✐♦♥ ❞❡ ❧❛ ✈♦❧❛t✐❧✐té ♣♦✉r ❧❡s ♠♦❞è❧❡s ✜♥❛♥❝✐❡rs
▲✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ✈♦❧❛t✐❧✐té ♣❡✉t s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡✱ ❛✈❡❝ X0 ❞❡ ❧♦✐ ❞♦♥♥é❡ ✿
Xt = X0 +
∫ t
0
f (Xs) ds+
∫ t
0
b (Xs) dWs
P♦✉r ❡st✐♠❡r ❧❛ ✈♦❧❛t✐❧✐té✱ ♥♦✉s é✈❛❧✉♦♥s ❧❛ ✈❛r✐❛t✐♦♥ q✉❛❞r❛t✐q✉❡ ❞✉ ♣r✐① ❞✉ ♠❛r❝❤é ❞❡s ✐♥st❛♥ts
❞✐s❝r❡ts✱
Yn = exp
(
Xtn
2
)
Vn
❝❡ q✉✐ ❡st éq✉✐✈❛❧❛♥t❡ ❞❡ ✿
log Y 2n = Xtn + log V
2
n
❖ù (Wt)t≥0 ❡st ❧❡ ♣r♦❝❡ss✉s ❞❡ ❲✐❡♥❡r st❛♥❞❛r❞ ❡t (Vn)n≥0 ❡st ✉♥❡ s✉✐t❡ ❞❡ ✈✳❛ ❣❛✉s✐❡♥♥❡s ✐♥❞é♣❡♥✲
❞❛♥t❡s ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉é❡s✳ ■❧ s✬❛❣✐t ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ✈♦❧❛t✐❧✐té Xtn à ♣❛rt✐r ❞✬♦❜s❡r✈❛t✐♦♥s
❜r✉✐té❡s
(
log Y 21 , . . . , log Y
2
n
)
✳ ❖♥ t♦♠❜❡ ❜✐❡♥ s✉r ✉♥ ♣r♦❜❧è♠❡ ❞❡ ✜❧tr❛❣❡ ♥♦♥ ❧✐♥é❛✐r❡ ❡t ♥♦♥ ❣❛✉s✲
s✐❡♥✳
▲❡s ♣r❡♠✐❡rs tr❛✈❛✉① s✉r ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ♥♦♥ ❧✐♥é❛✐r❡ s♦♥t ❞✉s à ❘✉s❧❛♥ ▲✳❙tr❛t♦♥♦✈✐❝❤ ✭❬❙tr✺✾❪✱
❬❙tr✻✵❪✮✱ ❍❛r♦❧❞ ❏✳❑✉s❤♥❡r❬❑✉s✻✼❪ ❡t ▼♦s❤❡ ❩❛❦❛✐❬❩❛❦✻✾❪✳ ■❧s ♦♥t ✐♥tr♦❞✉✐t ✉♥❡ ❞②♥❛♠✐q✉❡
s✐♠♣❧✐✜é❡ ♣♦✉r ❧❛ ❧♦✐ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ♥♦♥ ♥♦r♠❛❧✐sé❡ ❞✉ ✜❧tr❡✱ ❝♦♥♥✉ ❝♦♠♠❡ éq✉❛t✐♦♥ ❞❡ ❩❛❦❛✐✳ ❈❡✲
♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧❛ s♦❧✉t✐♦♥ ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✳ ❈❡rt❛✐♥❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❡t ❞❡s
❝❛s ♣❛rt✐❝✉❧✐❡rs s♦♥t ❜✐❡♥ ❝♦♠♣r✐s ✿ ♣❛r ❡①❡♠♣❧❡✱ ❧❡s ✜❧tr❡s ❧✐♥é❛✐r❡s s♦♥t ♦♣t✐♠❛❧s ♣♦✉r ❧❡s ✈❛r✐❛❜❧❡s
❣❛✉s✐❡♥♥❡s✱ ❝♦♥♥✉s ❝♦♠♠❡ ❧❡ ✜❧tr❡ ❞❡ ❲✐❡♥❡r ❡t ❧❡ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥✲❇✉❝②✳ ❈✬❡st ❑❛❧♠❛♥✲❇✉❝② ✭❡♥
✶✾✻✵✮ q✉✐ ❢♦✉r♥✐t ❧❡ ♣r❡♠✐❡r ❛❧❣♦r✐t❤♠❡ ❞❡ ✜❧tr❛❣❡ ré❝✉rs✐❢ ♣❡r♠❡tt❛♥t ❧❡ ❝❛❧❝✉❧ ❡①❛❝t ❡t r❛♣✐❞❡
✼
✽ ■◆❚❘❖❉❯❈❚■❖◆
❞✉ ✜❧tr❡ ♦♣t✐♠❛❧✱ ❧❡ ♣r♦❜❧è♠❡ ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ❡st ❞❡
❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✱ ✐❧ ❢❛✉t ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❡♥ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ ♣♦✉r ♠❡ttr❡ ❡♥ ♦❡✉✈r❡ ❞❛♥s ✉♥
♦r❞✐♥❛t❡✉r q✉✐ ❛ ❧❛ ♠é♠♦✐r❡ ✜♥✐❡✳ ❯♥ ✜❧tr❡ ♥♦♥ ❧✐♥ér❛✐r❡ ❛♣♣r♦❝❤é ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ ❡st ❝♦♥♥✉
❝♦♠♠❡ ❧❡ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥ ét❡♥❞✉ q✉✐ ❧✐♥é❛r✐s❡ ❧❡ s②stè♠❡✳ ❚♦✉t❡❢♦✐s✱ ❧❡s rés✉❧t❛ts s♦♥t ♠❛✉✈❛✐s
❧♦rsq✉❡ ❧❡ s②stè♠❡ ❡st tr♦♣ ♥♦♥ ❧✐♥é❛✐r❡ ♦✉ ❧♦rq✉❡ ❧❡ ✜❧tr❡ ❡st ♠❛❧ ✐♥✐t✐❛❧✐sé✳ ❯♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡
❜❛sé❡ s✉r ❧❡s ❝❛❧❝✉❧s ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞✉ ✜❧tr❛❣❡ ♣❛r ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♠❛✐❧❧❛❣❡ ❞❡ ❧✬❡s✲
♣❛❝❡ ❞✬ét❛t✳ ◆é❛♥♠♦✐♥s ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❝❡s ♠ét❤♦❞❡s ❛✉❣❡♠❡♥t❛♥t ❢♦rt❡♠❡♥t ❛✈❡❝ ❧❛ ❞✐♠❡♥s✐♦♥
❞❡ ❧✬❡s♣❛❝❡ ❧❡s r❡♥❞ ✐♥✉t✐❧✐s❛❜❧❡s ❡♥ t❡♠♣s ré❡❧✱ à ♣❛rt✐r ❞❡ ❞✐♠❡♥s✐♦♥ tr♦✐s✳ P❧✉s ré❝❡♠♠❡♥t✱ ❧❡s
♠ét❤♦❞❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♦♥t été ✉t✐❧✐sé❡s ❞❛♥s ✭❬●✳❑✾✻❪✮✱ ❣râ❝❡ à ❧❡✉r q✉❛s✐✲✐♥s❡♥s✐❜✐❧✐té à ❧❛
❞✐♠❡♥s✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❡t ❛✉① ♥♦♥ ❧✐♥é❛r✐tés ❞✉ s②stè♠❡✱ ❧❡✉r ✉t✐❧✐s❛t✐♦♥ ❡st ❛❞❛♣té❡ ❛✉ ✜❧tr❛❣❡ ♥♦♥
❧✐♥é❛✐r❡✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ❝❛s ❞❡ s②stè♠❡ ❢❛✐❜❧❡♠❡♥t ❜r✉✐tés ♦✉ ❞❡❤♦rs ❞❡ ❝❡rt❛✐♥❡s ❤②♣♦t❤ès❡s✱
❝❡s ❛❧❣♦r✐t❤♠❡s s♦♥t ✐♥st❛❜❧❡s ❡t ❞✐✈❡r❣❡♥ts✳ ❊♥ ét✉❞✐❛♥t ❧❡s ♣r♦♣r✐étés ❞❡ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐✲
♠❛❧✱ ❉❡❧ ▼♦r❛❧ ❡t ●✉✐♦♥♥❡t❬▼●✵✶❪ ♦♥t ❞é❞✉✐t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡ ❡♥ t❡♠♣s ❞❡s ♠ét❤♦❞❡s
♣❛rt✐❝✉❧❛✐r❡s ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥✱ s♦✉s ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♠é❧❛♥❣❡ s✉r ❧❡ s✐❣♥❛❧✳ ❘é❝❡♠♠❡♥t✱ ❧❛ st❛❜✐❧✐té
❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ ❥♦✉❡ ❧❡ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ♣❧✉s✐❡✉rs tr❛✈❛✉①✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡
✜❧tr❡ ♦♣t✐♠❛❧ (πt)t>0 ❛✈❡❝ ❧❛ ✈r❛✐❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ π0✱ ❛♣♣❡❧é ❧❡ ✜❧tr❡ ❜✐❡♥ ✐♥✐t✐❛❧✐sé✳ ❊♥ r❡♠♣❧❛✲
ç❛♥t π0 ♣❛r ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té π′0 ✲ ❛♣♣❧é❡ ❧❛ ❢❛✉ss❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡ ✜❧tr❡
♦♣t✐♠❛❧ (π′t)t>0✳ ▲❡ ❜✉t ❡st ❞✬ét✉❞✐❡r ❞❛♥s q✉❡❧❧❡ ♠❡s✉r❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ πt ❡t ❧❡
✜❧r❡ ♠❛❧ ✐♥✐t✐❛❧✐sé π′t t❡♥❞ ✈❡rs 0 ✱ q✉❛♥❞ t t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ▲❡ ♣r❡♠✐❡r rés✉❧t❛t ❞❡ ❧❛ st❛❜✐❧✐té ❞✉
✜❧tr❡ ♦♣t✐♠❛❧ ❡st ♦❜t❡♥✉ ♣❛r ❖❝♦♥❡ ❡t P❛r❞♦✉① ✭✶✾✾✻✮ q✉✐ ♦♥t ✉t✐❧✐sé ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❑✉♥✐t❛
✭✶✾✼✶✮ ♣♦✉r ❡♥ ❞é❞✉✐r❡ ❧✬♦✉❜❧✐ ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ✭ ❧❛ st❛❜✐❧✐té✮ ❛✉ s❡♥s Lp✱ s✐ ❧❡ s✐❣♥❛❧ ❡st
❡r❣♦❞✐q✉❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡✉r ♠ét❤♦❞❡ ♥❡ ❢♦✉r♥✐t ❛✉❝✉♥ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡✳ P❧✉s ré❝❡♠♠❡♥t✱ ✉♥❡
♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❡st ♣r♦♣♦sé❡ ♣❛r ❆t❛r ❡t ❩❡✐t♦✉♥✐❬❘❖✾✼❪ ❡t ❉❛ Pr❛t♦ ❡t ❆❧✳❬●▼P✾✾❪✱ ❡♥ ✉t✐✲
❧✐s❛♥t ❧❛ ♠étr✐q✉❡ ♣r♦❥❡❝t✐✈❡ ❞✬❍✐❧❜❡rt ♣♦✉r ♦❜t❡♥✐r ❞❡s rés✉❧t❛ts s✉r ❧❛ st❛❜✐❧✐té ❡①♣♦♥❡♥t✐❡❧❧❡ ❞✉
✜❧tr❡ ♦♣t✐♠❛❧ ♣❛r r❛♣♣♦rt à s❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡✳ ❆✉ss✐ ❣râ❝❡ à ❝❡tt❡ ♠étr✐q✉❡✱ ▲❡ ●❧❛♥❞ ❡t ▼❡✈❡❧
✭❬●▼✵✵❪✮ ♦♥t ❞♦♥♥é ❞❡s rés✉❧t❛ts ❞❡ st❛❜✐❧✐té ❡♥ tr❛ît❛♥t ❧❡ ♠♦❞è❧❡ ❞❡ ▼❛r❦♦✈ ❝❛❝❤é ❛✈❡❝ ❧✬❡s♣❛❝❡
❞✬ét❛t q✉✐ ❡st ✜♥✐❡✳ ▲❡ rés✉❧t❛t ❞❡ ❆t❛r ❡t ❩❡✐t♦✉♥✐ ❡st ét❡♥❞✉ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ▼❛r❦♦✈ ❝❛❝❤é
❧✬❡s♣❛❝❡ ❞✬ét❛t q✉✐ ❡st ♣♦❧♦♥❛✐s✳ ▲❛ st❛❜✐❧✐té ❡st ❛✉ss✐ ♦❜t❡♥✉❡✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬❡s♣❛❝❡ ❞✬ét❛t q✉✐ ❡st
♥♦♥ ❝♦♠♣❛❝t✱ ♣❛r ❆t❛r ✭❬❆❱❖✾✾❪✱ ❬❆t❛✾✽❪✮✱ ❇✉❞❤✐r❛❥❛ ❡t ❖❝♦♥❡ ✭❬❇❉✾✼❪✱ ❬❆❉✾✾❪✮ ❡♥ ♣r♦♣♦s❛♥t
✉♥❡ ♥♦✉✈❡❧❧❡ ❛♣♣r♦❝❤❡✳ ■♥❞é♣❡♥❞❛♠❡♥t✱ ❉❡❧ ▼♦r❛❧ ❡t ●✉✐♦♥♥❡t❬▼●✵✶❪ ♦♥t ❞é✈é❧♦♣♣é ✉♥❡ ❛✉tr❡
❛♣♣r♦①✐♠❛t✐♦♥ ❜❛sé❡ s✉r ❧❡s t❡❝❤♥✐q✉❡s ❞❡ s❡♠✐✲❣r♦✉♣❡ ❡t s✉r ❧❡ ❝♦❡✣❡♥t ❡r❣♦❞✐q✉❡ ❞❡ ❉♦❜r✉s❤✐♥
♣♦✉r ♦❜t❡♥✐r ❧❛ st❛❜✐❧✐té q✉✐ ❡st ✉t✐❧✐sé❡ ♣♦✉r ♠♦♥tr❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡ ❞❡s ♠ét❤♦❞❡s ♣❛r✲
t✐❝✉❧❛✐r❡s ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ✈❡rs ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ❛✈❡❝ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡
(
1/
√
N
)α
✱ ♣♦✉r t♦✉t
α > 1✱ s♦✉s ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♠é❧❛♥❣❡ ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♠é✲
❧❛♥❣❡ ❡st ✉♥❡ ❝♦♥❞✐t✐♦♥ ❢♦rt❡✱ ❡❧❧❡ ♥✬❡st ♣❛s ✈ér✐✜é ❞❛♥s ❧❡ ❝❛s ❞✉ ✜❧tr❡ ❞❡ ❑❛❧♠❛♥✱ ♦♥ ✈♦✉❞r❛✐t ❞♦♥❝
❧✬✐❣♥♦r❡r✳ ❙♦✉s ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♠é❧❛♥❣❡ ❢♦rt ✭♠♦✐♥s ❢♦rt❡ q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♠é❧❛♥❣❡✮ ♣♦✉r ❧❡
♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡t ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❡st ❛ss❡③ ❜♦♥♥❡✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❡❝❤♥✐q✉❡ ❞❡
r♦❜✉st✐✜❝❛t✐♦♥✱ ❋✳ ▲❡●❧❛♥❞ ❡t ◆✳ ❖✉❞❥❛♥❡❬▲❖✵✸❪ ♦♥t ❛♣♣r♦①✐♠é ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s ❧❡ ✜❧tr❡
♦♣t✐♠❛❧ ♣❛r ✉♥❡ s✉✐t❡ ❞❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té✱ ❛♣♣❡❧é❡ ❧❡ ✜❧tr❡ r♦❜✉st❡✱ q✉✐ ❡st st❛❜❧❡ ❡①♣♦♥❡♥✲
t✐❡❧✳ ▲✬✐❞é❡ ❞❡ ❧❛ r♦❜✉st✐✜❝❛t✐♦♥ ❡st ❧❛ s✉✐✈❛♥t❡ ✿ s✐ ♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ✉♥❡ s✉✐t❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ❞❡
♣r♦❜❛❜✐❧✐té q✉✐ ❡st à ❧❛ ❢♦✐s st❛❜❧❡ ❡①♣♦♥❡♥t✐❡❧ ❣râ❝❡ à q✉❡❧q✉❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♠é❧❛♥❣❡ ❡t ♣r♦❝❤❡ ❞✉
✜❧tr❡ ♦♣t✐♠❛❧ ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s✱ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ❡st ❞♦♥❝ st❛❜❧❡✳ ▲❡ ✜❧tr❡ r♦❜✉st❡ ❡st ♦❜t❡♥✉
❡♥ tr♦♥❝❛t✉r❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✱ ❝♦♠♠❡ ❞❛♥s ❖✉❞❥❛♥❡ ❡t ❘✉❜❡♥t❤❛❧❡r❬❖❘✵✺❪✳ ❆✉ss✐
❣râ❝❡ à ❧❛ t❡❝❤♥✐q✉❡ ❞❡ r♦❜✉st✐✜❝❛t✐♦♥✱ ❖✉❞❥❛♥❡ ❡t ❘✉❜❡♥t❤❛❧❡r❬❖❘✵✺❪ ♦♥t ♠♦♥tré ❧❛ st❛❜✐❧✐té
✉♥✐❢♦r♠é♠❡♥t ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ ❛✉ s❡♥s ❞❡ ❧❛ ♠♦②❡♥♥❡ ❡t ❛✐♥s✐ q✉✬✐❧s ♦♥t ♦❜t❡♥✉ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
✉♥✐❢♦r♠❡ ❡♥ t❡♠♣s ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ ♣❛r ❞❡s s②stè♠❡s ♣❛rt✐❝✉❧❛✐r❡s ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ❞❛♥s ❞❡s ❝❛s ♦ù
❧❡ s✐❣♥❛❧ ♥✬❡st ♣❛s ❡r❣♦❞✐q✉❡ ❡t ❛✉✲❞❡❧à ❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ♠é❧❛♥❣❡ ❢♦rt ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥✳
▲❡s rés✉❧t❛ts ❞❡ st❛❜✐❧✐té ❞❛♥s ❧❡s tr❛✈❛✉① ❛✉✲❞❡ss✉s s♦♥t ♦❜t❡♥✉s s✉rt♦✉t ❡♥ t❡♠♣s ❞✐s❝r❡t✳ P♦✉r
❧❡ t❡♠♣s ❝♦♥t✐♥✉✱ ♦♥ ❛ ♣❡✉ ❞❡ tr❛✈❛✐❧ t❤é♦r✐q✉❡ q✉✐ ❞♦♥♥❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ st❛❜✐❧✐té✳ ❆✉ss✐ ♣♦✉r
❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ✜❧tr❛❣❡✱ ♦♥ s❛✐t ♣❡✉ ❞❡ ❝❤♦s❡s s✉r ❧❡✉rs q✉❛❧✐tés ❡♥ t❡♠♣s ❝♦♥t✐♥✉✳ P❛r ❡①❡♠♣❧❡✱
❍✐r♦s❤✐ ❑✉♥✐t❛❬❑✉♥✼✶❪ ❛ ét✉❞✐é ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡s ❡rr❡✉rs ❞✉ ✜❧tr❡ ♥♦♥❧✐♥ér❛✐r❡
❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡ ♣r♦❝❡ss✉s ❞✬ét❛t ❡st ✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ❋❡❧❧❡r ❛✈❡❝ ❧✬❡s♣❛❝❡ ❞✬ét❛t q✉✐
❡st ❝♦♠♣❛❝t✳ ■❧ ❛ ♠♦♥tré q✉❡ ❧❡ ♣r♦❝❡ss✉s à ✈❛❧❡✉rs ♠❡s✉r❡s ❝♦♥st✐t✉é ♣❛r ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ (πt)t≥0
■◆❚❘❖❉❯❈❚■❖◆ ✾
❡st ❧✉✐ ♠ê♠❡ ❛✉ss✐ ✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ❋❡❧❧❡r✳ ❊♥ ♦✉tr❡ ✐❧ ♠♦♥tr❡ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s
t❡❝❤♥✐q✉❡s✱ q✉❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ✉♥✐q✉❡ ♠❡s✉r❡ ✐♥✈❛r✐❛♥t❡ ♣♦✉r ❧❡ s✐❣♥❛❧ ❡♥tr❛î♥❡ ❛✉ss✐ ❧✬❡①✐st❡♥❝❡
❞✬✉♥❡ ✉♥✐q✉❡ ♠❡s✉r❡ ✐♥✈❛r✐❛♥t❡ ♣♦✉r ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧✳ ❈❡t ❛rt✐❝❧❡ ♠❡t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❧✐❡♥ ❡♥tr❡ ❧❡s
♣r♦♣r✐étés ❡r❣♦❞✐q✉❡s ❞✉ s✐❣♥❛❧ ❡t ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧✱ ♠❛✐s ❛✉❝✉♥ ✈ér✐t❛❜❧❡ rés✉❧t❛t ❞❡ st❛❜✐❧✐té ♥✬❡st
♣❛s ❡♥❝♦r❡ ♣r♦✉✈é✳ P❧✉s ré❝❡♠♠❡♥t✱ ❆✳❇✉❞❤✐r❛❥❛❬❆✳❇✵✸❪ ❛ ét✉❞✐é ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❞✐✛ér❡♥t❡s
♣r♦♣r✐étés ❛s②♠♣t♦t✐q✉❡s ❞✉ ✜❧tr❡ ♥♦♥❧✐♥ér❛✐r❡ ❡♥ ❛❞♠❡tt❛♥t q✉❡ ❧❡ s✐❣♥❛❧ ❛ ✉♥❡ ✉♥✐q✉❡ ♠❡s✉r❡
❞❡ ♣r♦❜❛❜✐❧✐té ✐♥✈❛♥r✐❛♥t❡✳ ■❧ ❛❞♦♣t❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝❤❛♥❣❡r ❧✬♦r❞r❡ ❞❡s ♦♣ér❛t✐♦♥s ❞✬✐♥t❡rs❡❝✲
t✐♦♥ ❞é♥♦♠❜r❛❜❧❡ ❡t ❞❡ ♠❛①✐♠✉♠ ♣♦✉r ❝❡rt❛✐♥❡s tr✐❜✉s ❝♦♠♠❡ ✉♥❡ ✐ss✉❡ ❝❡♥tr❛❧❡ ❡♥ ét✉❞✐❛♥t ❧❡
❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✉ ✜❧tr❡ ♥♦♥❧✐♥ér❛✐r❡✳ ❙♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ✐❧ ♠♦♥tr❡ q✉❡ ❝❡tt❡
♣r♦♣r✐été ❡st éq✉✐✈❛❧❡♥t❡ à ❝❡rt❛✐♥❡s ♣r♦♣r✐étés r❡❝❤❡r❝❤é❡s ♣♦✉r ❧❡s ✜❧tr❡s✱ t❡❧❧❡s q✉❡ ✿ ✭✐✮ ❧✬✉♥✐❝✐té
❞❡ ❧❛ ♠❡s✉r❡ ✐♥✈❛r✐❛♥t❡ ❞✉ s✐❣♥❛❧✱ ✭✐✐✮ ❧✬✉♥✐❝✐té ❞❡ ❧❛ ♠❡s✉r❡ ✐♥✈❛r✐❛♥t❡ ❞✉ ❝♦✉♣❧❡ ✭s✐❣♥❛❧✱ ✜❧tr❡✮✱
✭✐✐✐✮ ✉♥❡ ♣r♦♣r✐été ❞❡ ♠é♠♦✐r❡ ✜♥✐❡ ❞✉ ✜❧tr❡✱ ✭✐✈✮ ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❛ tr✐❜✉ ❞✉ s✐❣♥❛❧ ❡t ❧❛ tr✐❜✉
❡♥❣❡♥❞ré❡ ♣❛r ❧❡s ♦❜s❡r✈❛t✐♦♥✱ ✭✈✮ ❧❛ st❛❜✐❧✐té ❛s②♠♣t♦t✐q✉❡ ❞✉ ✜❧tr❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s rés✉❧t❛ts ❞❛♥s
❝❡s ❛rt✐❝❧❡s ♥❡ s♦♥t ♣❛s ✈ér✐✜és q✉❛♥❞ ❧❡ s✐❣♥❛❧ ♥✬❡st ♣❧✉s ❡r❣♦❞✐q✉❡✳
❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ♥♦✉s ❧✐♠✐t❡r♦♥s à ❝♦♥s✐❞ér❡r ❧❡ ✜❧tr❛❣❡ ❞❡ ♣r♦❝❡ss✉s ❞❡ ❞✐✛✉s✐♦♥ ❡♥ t❡♠♣s
❝♦♥t✐♥✉✳ ▲❡ ❜✉t ❡st ❞✬ét✉❞✐❡r ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ ♣❛r r❛♣♣♦rt à s❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ❛✉✲❞❡❧à
❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ♠é❧❛♥❣❡ ❢♦rt ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡♥ ✐❣♥♦r❛♥t ❧✬❡r❣♦❞✐❝✐té ❞✉ s✐❣♥❛❧✳ P❧✉s
♣ré❝✐s❡♠❡♥t✱ s♦✉s q✉❡❧q✉❡s ❤②♣♦t❤ès❡s ♣♦✉r ❧❡ ♣❛r❛♠ètr❡ τ ❞❛♥s R∗+✱ ♣♦✉r t♦✉t n ❞❛♥s N✱ ♥♦✉s
ét❛❜❧✐ss♦♥s ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ (πnτ )n≥0✳ ▲✬✐❞é❡ ♣♦✉r ❧❛ st❛❜✐❧✐té ❡st ❜❛sé❡ s✉r ❧✬❛rt✐❝❧❡ ❬❖❘✵✺❪
❞❡ ❖✉❞❥❛♥❡ ❡t ❘✉❜❡♥t❤❛❧❡r✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ t❡❝❤♥✐q✉❡ ❞❡ r♦❜✉st✐✜❝❛t✐♦♥ ♣♦✉r ❝♦♥str✉✐r❡ ✉♥ ✜❧tr❡
r♦❜✉st❡
(
π∆nτ
)
n≥0 q✉✐ ❛♣♣r♦①✐♠❡ ❧❡ ✜❧r❡ ♦♣t✐♠❛❧✱ ❡♥ tr♦♥q✉❛♥t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♣❛r ❞❡s
❝♦♠♣❛❝t❡s r❛✐s♦♥♥❛❜❧❡s✳ P♦✉r ♦❜t❡♥✐r ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ r♦❜✉st❡✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥❡ ❝❤❛î♥❡ ❞❡
▼❛r❦♦✈ ❛✈❡❝ ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ♠é❧❛♥❣❛♥t t❡❧❧❡ q✉❡ ❧❡ ✜❧tr❡ r♦❜✉st❡ ♣❡✉t s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡
❞✬✉♥❡ ❢♦r♠✉❧❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ♣❛r r❛♣♣♦rt à ❝❡tt❡ ❝❤❛î♥❡ ❡t à ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✱ ♦♥
♦❜t✐❡♥t ❞♦♥❝ ✉♥❡ ♣r♦❜❧é♠❛t✐q✉❡ s✐♠✐❧❛✐r❡ à ❬◆▼❙✶✶❪✳ ❊♥ s❡r✈❛♥t ❧❛ s♦♠♠❡ té❧és❝♦♣✐q✉❡ ✭❬❖❘✵✺❪✱
♣❛❣❡ ✹✹✸✮✱ ♥♦✉s ❞é❞✉✐s♦♥s q✉❡ ❧❡ ✜❧r❡ ♦♣t✐♠❛❧ ♣❡✉t s✬❡st✐♠❡r ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s ♣❛r ❧❡ ✜❧tr❡
r♦s❜✉st❡ ❡t ❛✐♥s✐ q✉✬✐❧ ❡st st❛❜❧❡✳
▲❛ t❤ès❡ s✬♦r❣❛♥✐s❡ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡✱ ♥♦✉s ❞é❝r✐✈♦♥s ❧❡ ♠♦❞è❧❡
❞✉ ✜❧tr❛❣❡ s✉r ❧❡q✉❡❧ ♦♥ tr❛✈❛✐❧❧❡✳ P✉✐s ♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ❢♦r♠✉❧❡ ré❝✉rs✐✈❡ ♣♦✉r ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧✳
▲❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❞❡ ❝❡ ❝❤❛♣✐tr❡ s♦♥t ❧❡ ❧❡♠♠❡ ✶✳✸ ❡t ❧❡ ❧❡♠♠❡ ✶✳✻ ✳
▲❡ ❞❡✉①✐è♠❡ ❝❤❛♣✐tr❡ ❛ ♣♦✉r ♦❜❥❡t ❧✬ét✉❞❡ ❞✉ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ✈r❛✐s❡♠✲
❜❧❛♥❝❡ ét❛♥t ♣♦t❡♥t✐❡❧s ♣♦✉r ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧✳ ❈❡s ♣♦t❡♥t✐❡❧s s♦♥t ❞é✜♥✐s ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✳
❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❞♦♥♥♦♥s ❧✬❡♥❝❛❞r❡♠❡♥t ♣♦✉r s❡s ♣♦t❡♥t✐❡❧s ❝❡ q✉✐ s❡r✈❡♥t à ♦❜t❡♥✐r ❧❛ ♣r♦✲
♣r✐été ❞❡ ♠é❧❛♥❣❡ ❡t à tr❛ît❡r ❧✬❡rr❡✉r✳ ◆♦✉s ét✉❞✐♦♥s ❛✉ss✐ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ♣♦✉r
❧❛ ❢♦♥❝t✐♦♥ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ▲❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ♣♦✉r ❝❡ s❡❝♦♥❞ ❝❤❛♣✐tr❡ s❡ tr♦✉✈❡♥t ❞❛♥s ❧❛
♣r♦♣♦s✐t✐♦♥ ✷✳✶ ✱ ❧❡ ❧❡♠♠❡ ✷✳✺ ✱ ❧❡ ❧❡♠♠❡ ✷✳✽ ❡t ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✷ ✳
▲❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré à ❝♦♥str✉✐r❡ ❧❡ ✜❧tr❡ r♦❜✉st❡ ❡t à ét❛❜❧✐r s❛ st❛❜✐❧✐té✳ ◆♦✉s
❝♦♥str✉✐s♦♥s ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♥♦♥✲❤♦♠♦❣è♥❡ q✉✐ ❡st ♠é❧❛♥❣❡❛♥t❡ ❡t ♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ♥♦✉✲
✈❡❧❧❡ r❡♣rés❡♥t❛t✐♦♥ ❞✉ ✜❧tr❡ r♦❜✉st❡ ♣❛r r❛♣♣♦rt à ❧❛ ❝❤❛î♥❡ ❝♦♥str✉✐t❡✳ ◆♦✉s ♠♦♥tr♦♥s ❡♥s✉✐t❡
q✉❡ ❧❡ ✜❧tr❡ r♦❜✉st❡ ❡st st❛❜❧❡ ❣râ❝❡ à ❧❛ ♥♦✉✈❡❧❧❡ r❡♣rés❡♥t❛t✐♦♥✳ ▲❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❞❡ ❝❡
tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡ s♦♥t ♣❧❛❝és s✉r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✱ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✼ ❡t ❧❡ ❧❡♠♠❡ ✸✳✾✳
❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é ✉♥✐❢♦r♠é♠❡♥t
❡♥ t❡♠♣s ♣❛r ❧❡ ✜❧tr❡ r♦❜✉st❡✳ P❧✉s ♣ré❝✐s❡♠❡♥t✱ ♥♦✉s ❡st✐♠♦♥s ❞❡s ❡rr❡✉rs ❡♥tr❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧
❡t ❧❡ ✜❧tr❡ r♦❜✉st❡✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❧♦❝❛❧❡ s❡ ❞♦♥♥❡ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✻ ❡t ❧✬❡st✐♠❛t✐♦♥
❞❡ ❧✬❡rr❡✉r ❣❧♦❜❛❧❡ s❡ tr♦✉✈❡ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✾✳ P✉✐s ❛✉ t❤é♦rè♠❡ ✹✳✶✵✱ ♥♦✉s ét❛❜❧✐ss♦♥s ❧❡
rés✉❧t❛t ❞❡ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧✳

❈❍❆P■❚❘❊ ✶
❉❡s❝r✐♣t✐♦♥ ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧
✶✳✶✳ ▼♦❞è❧❡ ❡t ❍②♣♦t❤ès❡
❙✉r ❧✬❡s♣❛❝❡ ❞❡ ♣r♦❜❛❜✐❧✐té (Ω,P,F)✱ s♦✐❡♥t (Vt)t≥0 ❡t (Wt)t≥0 ❞❡✉① ♠♦✉✈❡♠❡♥ts ❜r♦✇♥✐❡♥s
✐♥❞é♣❡♥❞❛♥ts✳ ◆♦t♦♥s Ft ❡st ❧❛ ✜❧tr❛t✐♦♥ ❛ss♦❝✐é❡ à (Vt,Wt)✳ ❖♥ s✉♣♣♦s❡ q✉❡ ♣r♦❝❡ss✉s ❞❡ s✐❣♥❛❧
(Xt)t≥0 ❡st Ft✲ ❛❞❛♣té ❡t ❞ét❡r♠✐♥é s✉r ❧✬❡s♣❛❝❡ ❞✬ét❛t (R,B (R)) ❡t q✉✬✐❧ s❛t✐s❢❛✐t ✉♥❡ éq✉❛t✐♦♥
❞✐✛❡r❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ ✿
✭✶✳✶✮ Xt = X0 +
∫ t
0
f (Xs) ds+ Vt
❖ù X0 ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❞❛♥s R ❞❡ ❧❛ ❧♦✐ π0✳
❙✉♣♣♦s♦♥s q✉❡ ♣r♦❝❡ss✉s ❞✬♦❜s❡r✈❛t✐♦♥ (Yt)t≥0 ❡st Ft✲ ❛❞❛♣té✱ ❞ét❡r♠✐♥é s✉r ❧✬❡s♣❛❝❡ ❞✬ét❛t
(R,B (R)) t❡❧ q✉❡ ✿
✭✶✳✷✮ Yt = h
∫ t
0
Xsds+Wt
❍②♣♦t❤ès❡ ✶✳ ❙✉♣♣♦s♦♥s q✉❡ f ❡st C1 ❡t ‖f‖∞✱ ‖f ′‖∞ s♦♥t ❜♦r♥é❡s ♣❛r ✉♥❡ ❝♦♥st❛♥t❡
♣♦s✐t✐✈❡ M ✳ ❖♥ s✉♣♣♦s❡ q✉❡ h ≥ 1✳
✶✳✷✳ ❋✐❧tr❡ ♦♣t✐♠❛❧
✶✳✷✳✶✳ ◆♦t❛t✐♦♥s ❡t ❉é✜♥✐t✐♦♥s✳ P♦✉r ét✉❞✐❡r ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧✱ ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞✬✐♥tr♦✲
❞✉✐r❡ ❞❡s ♥♦t❛t✐♦♥s ❡t ❞❡s ❞é✜♥✐t✐♦♥s q✉✐ s❡r♦♥t ✉t✐❧✐sé❡s t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ♠é♠♦✐r❡✳
✖ ▲✬❡♥s❡♠❜❧❡ ❞❡s ♠❡s✉r❡s ♣r♦❜❛❜✐❧✐tés s✉r ✉♥❡ ❡s♣❛❝❡ ♠❡s✉r❛❜❧❡ (E, E) ❡t ❧✬❡♥s❡♠❜❧❡ ❞❡s
♠❡s✉r❡s ♥♦♥✲♥❡❣❛t✐✈❡s s✉r (E, E) s♦♥t ♥♦tés P (E) ❡t M+ (E) r❡s♣❡❝t✐✈❡♠❡♥t✳
✖ P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ♥♦♥✲♥é❣❛t✐✈❡ Ψ ❡t ♠❡s✉r❡ µ ∈M+ (E) t❡❧❧❡s q✉❡ ✿ ∫
E
Ψ(x)µ (dx) > 0✱
♥♦✉s ❞é✜♥✐ss♦♥s ✉♥ ♣r♦❞✉✐t ♣r♦❥❡❝t✐❢ • ❡♥tr❡ Ψ ❡t µ ✿
Ψ • µ (dx) = Ψ (x)µ (dx)∫
E
Ψ(x)µ (dx)
.
✖ P♦✉r t♦✉t ♥♦②❛✉ K ♣♦s✐t✐❢ ❞❡ E ❞❛♥s F ❡t ♠❡s✉r❡ µ ∈M+ (E)✱ ❞é✜♥✐ss♦♥s ✿
Kµ (dx) =
∫
E
µ (dx′)K (x′, dx)
✖ P♦✉r t♦✉t ♥♦②❛✉ K ♣♦s✐t✐❢ ❞❡ E ❞❛♥s F ❡t ♠❡s✉r❡ µ ∈M+ (E) t❡❧❧❡s q✉❡ ✿ ∫
F
Kµ (dx) 6= 0✱
❞é✜♥✐ss♦♥s ❧✬♦♣ér❛t❡✉r ♥♦♥✲❧✐♥é❛✐r❡ K s✉r M+ (E)✱
K (µ) (dx) =
Kµ (dx)∫
F
Kµ (dx)
✖ P♦✉r t♦✉s ♥♦②❛✉① ♥♦♥✲♥é❣❛t✐❢s K1✱ K2. . . ❞é✜♥✐s s✉r E1, E2, . . .✱ ♣♦✉r t♦✉t i < j✱ ♦♥ ❞é✜♥✐t
❧❡ ♥♦②❛✉ ✿
Ki+1:j (xi, dxj) =
∫
xi+1∈Ei+1
. . .
∫
xj−1∈Ej−1
Ki+1 (xi, dxi+1)Ki+2 (xi+1, dxi+2)
. . .Kj (xj−1, dxj)
✖ ❉❡✉① ♠❡s✉r❡s ♣♦s✐t✐✈❡s µ, λ ∈ M+ (E) s♦♥t ❝♦♠♣❛r❛❜❧❡s s✬✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s ♣♦s✐✲
t✐✈❡s α, β t❡❧❧❡s q✉❡ ✿ αλ (A) ≤ µ (A) ≤ βλ (A) ♣♦✉r t♦✉t A ⊂ E✳
✶✶
✶✷ ✶✳ ❉❊❙❈❘■P❚■❖◆ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
✖ ✭Pr♦♣r✐été ❞❡ ♠é❧❛♥❣❡✮✳ ▲❡ ♥♦②❛✉ ♣♦s✐t✐❢ K ❞é✜♥✐ s✉r E ❡st ❞✐t ♠é❧❛♥❣❡❛♥t✱ s✬✐❧ ❡①✐st❡
✉♥❡ ❝♦♥st❛♥t❡ 1 ≥ ǫ > 0 ✭❝♦♥st❛♥t❡ ❞❡ ♠é❧❛♥❣❡✮✱ ❡t ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ ♥♦♥ ♥✉❧❧❡✱ λ ∈
M+ (E)✱ t❡❧❧❡s q✉❡ ✿
ǫλ (.) ≤ K (x, .) ≤ 1
ǫ
λ (.) , ∀x ∈ E
✖ ✭Pr♦♣r✐été ❞❡ ❢♦rt❡ ♠é❧❛♥❣❡❛♥t❡✮✳ ▲❡ ♥♦②❛✉ ♣♦s✐t✐❢ K ❞é✜♥✐ s✉r E ❡st ❞✐t ❢♦rt❡♠❡♥t✲
♠é❧❛♥❣❡❛♥t✱ s✐ ♣♦✉r t♦✉t ❝♦♠♣❛❝t C ❞❡ ❞✐❛♠ètr❡ △✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ 1 ≥ ǫ (△) >
0✭❝♦♥st❛♥t❡ ❞❡ ♠é❧❛♥❣❡✮✱ ❡t ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ ♥♦♥ ♥✉❧❧❡✱ λC ∈M+ (E)✱ t❡❧❧❡s q✉❡
ǫ (△)λC (.) ≤ K (x, .) ≤ 1
ǫ (△)λC (.) , ∀x ∈ C
❖ù ǫ (△) ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ ❧✬♦❜s❡r✈❛t✐♦♥ Y ❡t ❞✉ ❞✐❛♠ètr❡ △ ❞✉ ❝♦♠♣❛❝t C✳
✖ ✭▼étr✐q✉❡ ❞❡ ❍✐❧❜❡rt✮✳ ▲❛ ♠étr✐q✉❡ ❞❡ ❍✐❧❜❡rt s✉r M+ (E) ❡st ❞é✜♥✐❡ ♣❛r ✿
h (µ, µ′) =

log
supA:µ′(A)>0
µ (A)
µ′ (A)
infA:µ′(A)>0
µ (A)
µ′ (A)
, si µ et µ′ sont deuxmesures
nonnulles comparables,
0, si µ = µ′ ≡ 0,
+∞, dans les autre cas.
✖ ✭❱❛r✐❛t✐♦♥ t♦t❛❧❡✮✳ P♦✉r t♦✉t❡s ♠❡s✉r❡s s✐❣♥é❡s µ ❡t µ′ ∈M+ (E)✱ ♥♦✉s ❛♣♣❡❧♦♥s ✈❛r✐❛✲
t✐♦♥ t♦t❛❧❡ ❡♥tr❡ µ ❡t µ′✱ ❧❡ ré❡❧ ✿
‖µ− µ′‖V T = 2 sup
A
| µ (A)− µ′ (A) |,
❖ù ❧❡ sup ❡st ♣r✐s ♣❛r♠✐ t♦✉s ❧❡s ❜♦ré❧✐❡♥s A ❞❡ E✳ ❖♥ ♣❡✉t ♠♦♥tr❡r ✿
‖µ− µ′‖V T = sup‖f‖
∞
≤1
∣∣∣∣∫ f (x)µ (dx)− ∫ f (x)µ′ (dx)∣∣∣∣
✖ ✭❚❛✉① ❞❡ ❝♦♥tr❛❝t✐♦♥ s♦✉s ❧❛ ✈❛r✐❛t✐♦♥ t♦t❛❧❡✮✳ ❙♦✐t K ✉♥ ♥♦②❛✉ ♠❛r❦♦✈✐❡♥ ❞❡ E
❞❛♥s F ❡t s♦✐t µ ✉♥❡ ♠❡s✉r❡ ❞❛♥s M+ (E) ✳ ◆♦✉s ❛♣♣❡❧♦♥s t❛✉① ❞❡ ❝♦♥tr❛❝t✐♦♥ ❞❡ K ♣♦✉r
❧❛ ✈❛r✐❛t✐♦♥ t♦t❛❧❡ ❡t ♥♦t♦♥s β (K)✱ ❧❡ ré❡❧ ❝♦♠♣r✐s ❡♥tr❡ 0 ❡t 1 t❡❧ q✉❡ ✿
β (K) = sup
µ(E)=0
‖Kµ‖V T
‖µ‖V T
,
❖ù ❧❡ sup ❡st ♣r✐s ♣❛r♠✐ ❧❡s ♠❡s✉r❡s ✜♥✐❡s s✐❣♥é❡s ♥♦♥ ♥✉❧❧❡s✳
✖ ✭❚❛✉① ❞❡ ❝♦♥tr❛❝t✐♦♥ ❞❡ ❇✐r❦❤♦✛✮✳ ❙♦✐t K ✉♥ ♥♦②❛✉ ♠❛r❦♦✈✐❡♥ ❞❡ E ❞❛♥s F ❡t s♦✐t
µ ✉♥❡ ♠❡s✉r❡ ❞❛♥s M+ (E)✳ ◆♦✉s ❛♣♣❡❧♦♥s t❛✉① ❞❡ ❝♦♥tr❛❝t✐♦♥ ❞❡ ❇✐r❦❤♦✛ ❞❡ K ♣♦✉r ❧❛
♠étr✐q✉❡ ❞❡ ❍✐❧❜❡rt ❡t ♥♦t♦♥s τ (K)✱ ❧❡ ré❡❧ ❝♦♠♣r✐s ❡♥tr❡ 0 ❡t 1 t❡❧ q✉❡ ✿
τ (K) = sup
0<h(µ,µ′)<∞
h (Kµ,Kµ′)
h (µ, µ′)
,
❖ù ❧❡ sup ❡st ♣r✐s ❡♥tr❡ ❧❡s ♠❡s✉r❡s µ ❡t µ′ ♣♦s✐t✐✈❡s ❡t ♥♦♥ ♥✉❧❧❡s✳
✶✳✷✳✷✳ Pr♦❜❧è♠❡ ❞❡ ✜❧tr❛❣❡✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ✜❧tr❛❣❡ ♥♦♥✲❧✐♥é❛✐r❡ ❡st ❞❡ ❝❛❧❝✉❧❡r à ❝❤❛q✉❡
♣❛s ❞❡ t❡♠♣s ❧❛ ❧♦✐ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ πt ❞❡ ❧✬ét❛t Xt s❛❝❤❛♥t q✉✬✉♥❡ ré❛❧✐s❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s
FYt = σ (Ys, 0 ≤ s ≤ t) ❥✉sq✉✬à ❧✬✐♥st❛♥t ❝♦✉r❛♥t t✱ i .e ✿
πt (dx) = P
(
Xt ∈ dx | FYt
)
▲❛ s✉✐t❡ ❞❡ ♣r♦❜❛❜✐❧✐tés ❝♦♥❞✐t✐♦♥♥❡❧❧❡s (πt)t≥0 ❛✈❡❝ ❧❛ ❝♦♥✈❡♥t✐♦♥ π0✱ ❡st ❛♣♣❡❧é❡ ✜❧tr❡ ♦♣t✐♠❛❧✳
❉❛♥s ❝❡ ♠é♠♦✐r❡✱ ♦♥ s❡ ❝♦♥❝❡♥tr❡r❛ ❞✬ét✉❞✐❡r ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ (πnτ )n≥0 , n ∈ N✱ ♦ù τ > 0✱ ✉♥
♣❛r❛♠ètr❡ ❞♦♥t ❧❛ ❝♦♥❞✐t✐♦♥ ✈❛ êtr❡ ❛❥♦✉té❡ ♣❧✉s t❛r❞✳
✶✳✷✳ ❋■▲❚❘❊ ❖P❚■▼❆▲ ✶✸
✶✳✷✳✸✳ ◆♦t❡s s✉r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ❡t ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧✳ ❉❛♥s ❝❡tt❡ s✉❜s❡❝✲
t✐♦♥✱ ♥♦✉s r❡♠❛rq✉♦♥s q✉❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ♣❡✉t s✬❡①♣r✐♠❡r ❝♦♠♠❡ ❧❛ ❧♦✐ ♠❛r❣✐♥❛❧❡ ❞✬✉♥❡ ❝❤❛î♥❡
❞❡ ▼❛r❦♦✈✳ ❙♦✐t (Xn)n≥0 ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♣r❡♥❛♥t ❧❡s ✈❛❧❡✉rs ❞❛♥s ❧❡s ❡s♣❛❝❡s ♠❡s✉r❛❜❧❡s
E0, E1 . . .✱ ❛✈❡❝ ❧❡s ♥♦②❛✉① ❞❡ tr❛♥s✐t✐♦♥ Q1✱ Q2✱ ✳ ✳ ✳ ✭❝❡tt❡ ❝❤❛î♥❡ ♣❡✉t êtr❡ ♥♦♥✲❤♦♠♦❣è♥❡✮✳ ❖♥
s✉♣♣♦s❡ q✉❡✱ ♣♦✉r t♦✉t k✱ Qk ❡st ǫk✲♠é❧❛♥❣❡❛♥t✳ ❙♦✐❡♥t Ψ1 : E1 → R+✱ Ψ2 : E2 → R+✱ ✳ ✳ ✳ ❧❡s
❢♦♥❝t✐♦♥s ♠❡s✉r❛❜❧❡s ❞❛♥s R+ ❡t s♦✐t η0 ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té s✉r E0✳ ❖♥ s✬✐♥tér❡ss❡ à ✉♥❡
s✉✐t❡ ❞❡ ♠❡s✉r❡ ♣r♦❜❛❜✐❧✐té (ηk)k≥1 s✉r E1, E2 . . . r❡s♣❡❝t✐✈❡♠❡♥t✱ q✉✐ ❡st ❞é✜♥✐❡ ♣❛r ✿
✭✶✳✸✮ ∀k ≥ 1 , ∀ϕ ∈ C+b (Ek) , ηk(ϕ) =
Eη0(ϕ(Xk)
∏
1≤i≤k Ψi(Xi))
Eη0(
∏
1≤i≤k Ψi(Xi))
,
❖ù ❧❛ ♥♦t❛t✐♦♥ Eη0 s✐❣♥✐✜❡ q✉❡ ❧✬♦♥ ♣r❡♥❞ ❧✬❡s♣ér❛♥❝❡ ❡♥ s❛❝❤❛♥t ❧❛ ❧♦✐ ❞❡ X0 ❡st η0✳ ▲❡s ♠❡s✉r❡s
(ηk)k≥0 s♦♥t ❛♣♣❡❧é❡s ✉♥❡ s✉✐t❡ ❞❡ ♠❡s✉r❡ ❋❡②♥♠❛♥✲❑❛❝ s✉r (Ek)k≥0 ❜❛sé❡ s✉r ❧❡s ♥♦②❛✉① ❞❡
tr❛♥s✐t✐♦♥ (Qk)k≥1 ✱ ❧❡s ♣♦t❡♥t✐❡❧s (Ψk)k≥1 ❡t ❧❛ ♠❡s✉r❡ ✐♥✐t✐❛❧❡ η0✳ P♦✉r t♦✉t k✱ s✐ ❧❛ ❢♦♥❝t✐♦♥ Ψk
❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❛ss♦❝✐é❡ à ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❛✈❡❝ ❧❡s ♥♦②❛✉①
❞❡ tr❛♥s✐t✐♦♥ Q1✱ Q2✱ ✳ ✳ ✳ ❡t ❧❛ ❧♦✐ ✐♥✐t✐❛❧❡ η0✱ ❛❧♦rs ❧❛ s✉✐t❡ (ηk)k≥0 ❞❡✈✐❡♥t ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧✳
❙✉♣♣♦s♦♥s q✉✬♦♥ ❛ ✉♥❡ ❛✉tr❡ ♠❡s✉r❡ ✐♥✐t✐❛❧❡ η′0✱ ♦♥ ♣♦s❡ ✿
∀k ≥ 1 , ∀ϕ ∈ C+b (Ek) , η′k(ϕ) =
Eη′0(ϕ(Xk)
∏
1≤i≤k Ψi(Xi))
Eη′0(
∏
1≤i≤k Ψi(Xi))
.
❖♥ s✬✐♥tér❡ss❡ s✉r ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ηk ❡t η′k ✳ ❋✐①♦♥s n ≥ 1✱ ♦♥ ❛✐♠❡r❛✐t ❡①♣r✐♠❡r ηn ❝♦♠♠❡ ❧❛ ❧♦✐
♠❛r❣✐♥❛❧❡ ❞✬✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈✳ ◆♦✉s ✉t✐❧✐s♦♥s ❧✬✐❞é❡ ❞❛♥s ❬▼●✵✶❪✳ P♦✉r t♦✉t k ∈ {1, . . . , n}✱
♣♦s♦♥s ✿
Rk(x, dx
′) = Ψk(x′)Qk(x, dx′) ,
❡t ♣♦✉r t♦✉t k ∈ {0, 1, . . . , n− 1}✱ ❞é✜♥✐ss♦♥s✿
Ψn|k(x) =
∫
xk+1∈Ek+1
. . .
∫
xn∈En
Rk+1(x, dxk+1)
∏
k+2≤i≤n
Ri(xi−1, dxi) .
❙✐ k = n✱ ♦♥ ❞é✜♥✐t Ψn|n(x) = 1✳ P♦✉r t♦✉t k ∈ {1, 2, . . . , n}✱ ♦♥ ♣♦s❡✿
Sn|k(x, dx′) =
Ψn|k+1(x′)
Ψn|k(x)
Rk+1(x, dx
′) .
❆ ♣❛rt✐r ❞❡ ❬▼●✵✶❪✱ ♥♦✉s ❛✈♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✭✉♥❡ ❞é♠♦♥str❛t✐♦♥ s✐♠♣❧❡ ♣❡✉t s❡ tr♦✉✈❡r
❞❛♥s ❬❖❘✵✺❪✱ ♣r♦♣♦s✐t✐♦♥ 3.1✮✳
Pr♦♣♦s✐t✐♦♥ ✶✳✶✳ ▲❡s ♦♣ér❛t❡✉rs (Sn|k)0≤k≤n−1 s♦♥t ♠❛r❦♦✈✐❡♥s✳ P♦✉r t♦✉t k ∈ {0, 1, . . . , n−
1}✱ Sn|k ❡st ǫk+1✲♠é❧❛♥❣❡❛♥t✳ ◆♦✉s ❛✈♦♥s ✿
ηn = Sn|n−1Sn|n−2 . . .Sn|0(Ψn|0 • η0) ,
η′n = Sn|n−1Sn|n−2 . . .Sn|0(Ψn|0 • η′0) ,
❊t
‖ηn − η′n‖ ≤
∏
1≤k≤n
(1− ǫ2k)× ‖Ψn|0 • η0 −Ψn|0 • η′0‖ .
●râ❝❡ ❛✉① ❝❛❧❝✉❧s ❞❛♥s ❬❖❘✵✺❪✱ ♣❛❣❡ 434✱ ♥♦✉s ♣♦✉✈♦♥s ❜♦r♥❡r ✿
✭✶✳✹✮ ‖Ψn|0 • η0 −Ψn|0 • η′0‖ ≤ 2 inf
(
1,
‖Ψn|0‖∞
〈η0,Ψn|0〉‖η0 − η
′
0‖
)
.
P♦✉r t♦✉t x ❞❛♥s E0✱
Ψn|0(x)
〈η0,Ψn|0〉 =
∫
z∈E1 R2:n(z, En)R1(x, dz)∫
y∈E0
∫
z∈E1 R2:n(z, En)R1(y, dz)η0(dy)
≤
∫
z∈E1 R2:n(z, En)
1
ǫ1
λ1(dz)∫
z∈E1 R2:n(z, En)ǫ1λ1(dz)
=
1
ǫ21
.✭✶✳✺✮
✶✹ ✶✳ ❉❊❙❈❘■P❚■❖◆ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
❖♥ ♣❛r❧❡ ❞❡ ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ s✐ ✿
lim
n→∞
‖ηn − η′n‖V T = 0
■❧ ❡①✐st❡ ✉♥❡ ✈❡rs✐♦♥ ❡♥ t❡♠♣s ❝♦♥t✐♥✉ ♣♦✉r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ❡t ❛✐♥s✐ ♣♦✉r ❧❡ ✜❧tr❡
♦♣t✐♠❛❧✳ ◆♦✉s ❡♥ ❞♦♥♥♦♥s ✐❝✐ ✉♥❡ ✈❡rs✐♦♥ s✐♠♣❧✐✜é❡✳ ❖♥ ❝♦♥s✐❞èr❡ ✉♥ ♣r♦❝❡ss✉s (Xt)t≥0 ❞❛♥s ✉♥
❡s♣❛❝❡ E ❞❡ ❧❛ ❧♦✐ ✐♥✐t✐❛❧❡ η0✱ ❡t ✉♥ ♣r♦❝❡ss✉s ❞✬♦❜s❡r✈❛t✐♦♥ (Yt)t≥0 ❞❛♥s R
d s♦✉s ❧❛ ❢♦r♠❡ ✿
Yt =
∫ t
0
h (Xs) ds+Wt
❛✈❡❝ (Wt)t≥0 ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❞❛♥s R
d✳ P♦✉r t♦✉t t ≥ 0✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st f ✱
♣♦✉r t♦✉t ♣r♦❝❡ss✉s (Ut)t≥0 q✉✐ ❛ ❧❛ ♠ê♠❡ ❧♦✐ q✉❡ (Xt)t≥0 ✱ ❞é✜♥✐ss♦♥s ❧❡s ♠❡s✉r❡s ✿
γt (f) = Eη0
(
f (Ut) exp
(∫ t
0
h (Us) dYs −
∫ t
0
‖h (Us)‖2 ds
))
ηt (f) =
γt (f)
γt (1)
▲❛ ♠❡s✉r❡ γt ❡st ❛♣♣❡❧❧é❡ ❧❛ ♠❡s✉r❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ♥♦♥✲♥♦r♠❛❧✐sés ❡t ❧❛ ♠❡s✉r❡ ηt ❡st ❛♣♣❡❧❧é❡
❧❛ ♠❡s✉r❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ♥♦r♠❛❧✐sé❡✳ ●râ❝❡ ❛✉ t❤é♦rè♠❡ ❞❡ ●✐rs❛♥♦✈✱ ♥♦✉s ♣♦✉✈♦♥s ♠♦♥tr❡r
q✉❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ✭❡♥ t❡♠♣s ❝♦♥t✐♥✉✮ ♣❡✉t s✬❡①♣r✐♠❡r ❡♥ t❡r♠❡ ❞✬✉♥❡ ♠❡s✉r❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ✿
Lη0
(
Xt | (Ys)0≤s≤t
)
= ηt
❙✉♣♣♦s♦♥s q✉❡ ❧✬♦♥ ❛ ✉♥❡ ❛✉tr❡ ♠❡s✉r❡ ✐♥✐t✐❛❧❡ η′0✱ ♥♦t♦♥s η
′
t ❡st ✉♥❡ ♠❡s✉r❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ♣❛r
r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ✐♥✐t✐❛❧❡ η′0✳ ❖♥ ♣❛r❧❡ ❞❡ ❧❛ st❛❜✐❧✐té ❡♥ t❡♠♣s ❝♦♥t✐♥✉✱ s✐ ✿
lim
t→∞
‖ηt − η′t‖V T = 0
✶✳✷✳✹✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥ ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧✳ ❉❛♥s ❝❡tt❡ s✉❜s❡❝t✐♦♥✱ ♥♦✉s ❛❧❧♦♥s ♠♦♥tr❡r
q✉❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ♣❡✉t s✬❡①♣r✐♠❡r ❡♥ ré❝✉rs✐♦♥✳ ❙♦✐t Vˆ =
{
Vˆt, t ≥ 0
}
♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡ ❞é✜♥✐t
♣❛r ✿
Vˆt = Vt +
∫ t
0
f (Xs) ds, t ≥ 0.
❆ ♣❛rt✐r ❞❡ ❬❇❈✵✾❪ ✭ ❈❤❛♣✐tr❡ ✻✱ ❙❡❝t✐♦♥ ✻✳✶✮✱ ♦♥ ❞é✜♥✐t ❧❛ ♥♦✉✈❡❧❧❡ ♣r♦❜❛❜✐❧✐té Pˆ t❡❧❧❡ q✉❡ ✿
dP
dPˆ
|Ft = Zˆt = exp
(∫ t
0
f (Xs) dVˆs − 1
2
∫ t
0
f2 (Xs) ds+ h
∫ t
0
XsdYs − h
2
2
∫ t
0
Xsds
)
Pr♦♣♦s✐t✐♦♥ ✶✳✷✳ ❙♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té Pˆ ♥♦✉s ❛✈♦♥s ✿
(
Vˆ , Y
)
=
{(
Vˆt, Yt
)}
t≥0
❡st ✉♥ ♠♦✉✈❡✲
♠❡♥t ❜r♦✇♥✐❡♥ ❞❡ ❞❡✉① ❞✐♠❡♥s✐♦♥s✱ X ⊥ Y ❡t Xt = X0 + Vˆt✳
❉é♠♦♥str❛t✐♦♥✳ ❱♦✐r ❬❇❈✵✾❪✲ ♣❛❣❡ 143✳ 
P♦✉r t♦✉s 0 ≤ s < τ ❡t n ≥ 1✱ ♥♦t♦♥s ✿ Ys:τ , (Yu)s≤u≤τ ✳ ❖♥ s✉♣♣♦s❡ q✉❡ Y ❡st ✜①é✱ ♣♦✉r
t♦✉t (x0, x1) ∈ E2✱ ❞é✜♥✐ss♦♥s ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✿
ψ
(
Y(n−1)τ :nτ , x0, x1
)
=
EPˆ
(
dP
dPˆ
∣∣∣∣
F[(n−1)τ:nτ]
∣∣∣∣∣X(n−1)τ = x0, Xnτ = x1, Y(n−1)τ :nτ
)
EPˆ
(
dP
dPˆ
∣∣∣∣
F[(n−1)τ:nτ]
∣∣∣∣∣X(n−1)τ = x0, Xnτ = x1
)✭✶✳✻✮
▲❡ ❧❡♠♠❡ s✉✐✈❛♥t ♠♦♥tr❡ q✉❡ ❧❛ ❧♦✐ ❞❡ Y(n−1)τ :nτ ❝♦♥❞✐t✐♦♥♥é s✉r
(
X(n−1)τ , Xnτ
)
♣♦ssè❞❡ ❧❛
❢♦♥❝t✐♦♥ ψ ❝♦♠♠❡ ❧❛ ❞❡♥s✐té ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❞❡ ❲✐❡♥❡r✳
✶✳✷✳ ❋■▲❚❘❊ ❖P❚■▼❆▲ ✶✺
▲❡♠♠❡ ✶✳✸✳ P♦✉r t♦✉t k ≥ 1✱
P
(
Y(k−1)τ :kτ ∈ dy | X(k−1)τ , Xkτ
)
= ψ
(
Y(k−1)τ :kτ = y,X(k−1)τ , Xkτ
)
λˆkτ (dy)
❖ù
(
λˆkτ
)
k≥1
♠❡s✉r❡ ❞❡ ❲✐❡♥❡r✳
❉é♠♦♥str❛t✐♦♥✳ ■❧ ♥♦✉s s✉✣t ❞❡ ♠♦♥tr❡r ❝❡ ❧❡♠♠❡ ❞❛♥s ❧❡ ❝❛s ♦ù k = 1✳ ◆♦t♦♥s q✉❡ C [0, τ ]
❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞❡ [0, τ ] ✈❡rs R✳ P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st φ ❞❛♥s C [0, τ ] ✱ ❡♥
✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ❑❛❧❧✐❛♥♣✉r✲❙tr✐❡❜❡❧✱ ♥♦✉s ❛✈♦♥s ✿
EP (φ (Y0:τ ) | X0, Xτ ) =
EPˆ
(
φ (Y0:τ )
dP
dPˆ
∣∣∣∣
Fτ
∣∣∣∣∣X0, Xτ
)
EPˆ
(
dP
dPˆ
∣∣∣∣
Fτ
∣∣∣∣∣X0, Xτ
)
= EPˆ
φ (Y0:τ )
EPˆ
(
dP
dPˆ
∣∣∣∣
Fτ
∣∣∣∣∣X0, Xτ , Y0:τ
)
EPˆ
(
dP
dPˆ
∣∣∣∣
Fτ
∣∣∣∣∣X0, Xτ
)
∣∣∣∣∣∣∣∣∣∣
X0, Xτ

P❛r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✷✱ ♥♦✉s ❛✈♦♥s
(
Vˆ , Y
)
=
{(
Vˆt, Yt
)}
t≥0
❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❞❡ ❞❡✉①
❞✐♠❡♥s✐♦♥s✳ ❉♦♥❝✱ ❝♦♥❞✐t✐♦♥❡♠❡♥t s✉r X0✱ Xτ ✱ ❧❛ ❧♦✐ ❞❡ Y0:τ s♦✉s P ❛ ❧❛ ❞❡♥s✐té s✉✐✈❛♥t❡ ♣❛r
r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❞❡ ❲✐❡♥❡r ✿
y0:τ 7→ ψ(Y0:τ = y0:τ , X0, Xτ ) :=
EPˆ
(
dP
dPˆ
∣∣∣∣
Fτ
∣∣∣∣∣X0, Xτ , Y0:τ = y0:τ
)
EPˆ
(
dP
dPˆ
∣∣∣∣
Fτ
∣∣∣∣∣X0, Xτ
)

P♦✉r t♦✉s τ > 0, n ≥ 1✱ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ❞❡ ❝♦✉♣❧❡ ((X(n−1)τ , Xnτ))n≥1 ❛✈❡❝ ❧❛ ♠❡s✉r❡ ✐♥✐t✐❛❧❡
µ0 ✱ ❡st ❞é✜♥✐ ♣❛r ✿
µnτ (dx
′) = P
((
X(n−1)τ , Xnτ
) ∈ dx′ | Y0:nτ)✭✶✳✼✮
◆♦t♦♥s Q˜ ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡ ▼❛r❦♦✈
((
X(n−1)τ , Xnτ
))
n≥1 ❡t Q ❡st ❧❡ ♥♦②❛✉ ❞❡
tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ (Xnτ )n≥0✳ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ s❡s ❞❡✉① ♥♦②❛✉① ❡st ♣rés❡♥té❡ ♣❛r
❧❡ ❧❡♠♠❡ s✉✐✈❛♥t
▲❡♠♠❡ ✶✳✹✳ P♦✉r t♦✉s x = (x1, x2) , x′ = (x′1, x
′
2) ∈ R2✱
Q˜ (x1, x2, dx
′
1, dx
′
2) = Q (x
′
1, dx
′
2) δx2 (dx
′
1)
❖ù δx2 ❡st ❧❛ ♠❡s✉r❡ ❞❡ ❉✐r❛❝ ❛✉ ♣♦✐♥t x2✳
❉é♠♦♥str❛t✐♦♥✳ P♦✉r t♦✉s A1, A2 ⊂ R✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s✿
Q˜ (x1, x2, A1, A2) = P
(
Xnτ ∈ A1, X(n+1)τ ∈ A2 | X(n−1)τ = x1, Xnτ = x2
)
❙✐ x2 /∈ A1✱ ♥♦✉s ♦❜t❡♥♦♥s✿
Q˜ (x1, x2, A1, A2) = 0
❙✐ x2 ∈ A1✱ ♥♦✉s ♦❜t❡♥♦♥s✿
Q˜ (x1, x2, A1, A2) = P
(
X(n+1)τ ∈ A2 | X(n−1)τ = x1, Xnτ = x2
)
= P
(
X(n+1)τ ∈ A2 | Xnτ = x2
)
= Q (x2, A2)

✶✻ ✶✳ ❉❊❙❈❘■P❚■❖◆ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
❊♥ ✉t✐❧✐s❛♥t ❧❡♠♠❡ ✶✳✸ ✱ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ❞❡ ❝♦✉♣❧❡ ♣❡✉t s✬❡①♣r✐♠❡r ♣❛r ✉♥❡ ♠❡s✉r❡ ❋❡②♥♠❛♥✲
❑❛❝ ❜❛sé s✉r ❧❛ tr❛♥s✐t✐♦♥ Q˜ (x, dx′) ❡t ❧❡s ♣♦t❡♥t✐❡❧s ψnτ (.) , ψ
(
Y(n−1)τ :nτ , .
)
✱ ❝✬❡st à ❞✐r❡ ♦♥
♣❡✉t ❡①♣r✐♠❡r (µnτ )n≥1 ♣❛r ❧❡ s❝❤é♠❛ s✉✐✈❛♥t ✿
µ(n−1)τ −−−−−−−−→Pre´diction µnτ |(n−1)τ = Q˜µ(n−1)τ −−−−−−−−→Correction µnτ = ψnτ • µnτ |(n−1)τ✭✶✳✽✮
❘❡♠❛rq✉❡ ✶✳✺✳ ◆♦t♦♥s q✉❡
∫
R2
ψnτ (x)µnτ |(n−1)τ (dx) ❡st ♣♦s✐t✐✈❡ p.s✳ ❊♥ ❡✛❡t
P
(
Y(n−1)τ :nτ ∈ dy | Y0:(n−1)τ
)
=
∫
R2
P
(
Y(n−1)τ :nτ ∈ dy |
(
X(n−1)τ , Xnτ
)
= x
)
× P ((X(n−1)τ , Xnτ) ∈ dx | Y0:(n−1)τ)
=
(∫
R2
ψnτ (y, x)µnτ |(n−1)τ (dx)
)
λˆnτ (dy) = lnτ (y) λˆnτ (dy)
❖ù ✿
lnτ (y) =
∫
R2
ψnτ (x)µnτ |(n−1)τ (dx)
❆❧♦rs
P
[∫
R2
ψnτ (x)µnτ |(n−1)τ (dx) = 0 | Y0:(n−1)τ
]
=
∫
{lnτ (y)=0}
lnτ (y) λˆnτ (dy) = 0
P♦✉r t♦✉s x = (x1, x2) , x′ = (x′1, x
′
2) ∈ R2, n > 1, τ > 0 ✱ ♥♦t♦♥s ✿
Tnτ (x, dx
′) = ψnτ (x′) Q˜ (x, dx′)
▲❡ ✜❧tr❡ ♦♣t✐♠❛❧ ❞❡ ❝♦✉♣❧❡ ♣❡✉t s✬❡①♣r✐♠❡r ❡♥ ré❝✉rs✐♦♥ ✿
µnτ = Tnτ
(
µ(n−1)τ
)
= . . . = Tnτ :mτ (µmτ )✭✶✳✾✮
▲❡ ✜❧tr❡ ♦♣t✐♠❛❧ (πnτ )n≥0 , n ∈ N ♣❡✉t êtr❡ r❡❣❛r❞é ❝♦♠♠❡ ❧❛ ♠❛r❣✐♥❛❧❡ ❞✉ ✜❧tr❡ (µnτ )n≥0 , n ∈ N✱
❝✬❡st à ❞✐r❡ ✿
πnτ (dx
′) = µnτ (R, dx′) =
∫
x∈R
µnτ (dx, dx
′)✭✶✳✶✵✮
◆♦t♦♥s q✉❡✱ ♣♦✉r t♦✉t❡ ♠❡s✉r❡ µ ∈M+(R)✱
Q˜µ(dx, dx′) = µ(dx)Q(x, dx′) , ∀x, x′ ∈ R
●râ❝❡ à ❧❛ r❡♣rés❡♥t❛t✐♦♥ (1.10)✱ ♥♦✉s ❛✈♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿
▲❡♠♠❡ ✶✳✻✳ P♦✉r t♦✉t (x1, x2) ∈ R2✱ ♥♦t♦♥s Rn ✉♥ ♥♦②❛✉ ♥♦♥✲♥é❣❛t✐❢ ❞é✜♥✐ s✉r R × B (R)
t❡❧ q✉❡ Rn (x1, dx2) = ψnτ (x1, x2)Q (x1, dx2)✳ ◆♦✉s ❛✈♦♥s ✿
πnτ = Rn
(
π(n−1)τ
)
✭✶✳✶✶✮
❊t✱
µnτ |(n−1)τ (dx, dx′) = Q˜π(n−1)τ (dx, dx′)✭✶✳✶✷✮
❉é♠♦♥str❛t✐♦♥✳ ●râ❝❡ ❛✉① (1.8)✱ (1.10) ❡t ❧❡♠♠❡ ✶✳✹✱ ♥♦✉s ❛✈♦♥s ✿
πnτ (dx
′) =
∫
y∈R
µnτ (dy, dx
′) =
∫
y∈R
ψnτ (y, x
′)µnτ |(n−1)τ (dy, dx′)∫
y,x′
ψnτ (y, x′)µnτ |(n−1)τ (dy, dx′)
=
∫
y∈R
ψnτ (y, x
′)
∫
y′,x
µ(n−1)τ (dy′, dx) Q˜ (y′, x, dy, dx′)∫
y,x′
ψnτ (y, x′)
∫
y′,x
µ(n−1)τ (dy′, dx) Q˜ (y′, x, dy, dx′)
=
∫
y∈R
ψnτ (y, x
′)
∫
y′,x
µ(n−1)τ (dy′, dx)Q (y, dx′) δx (dy)∫
y,x′
ψnτ (y, x′)
∫
y′,x
µ(n−1)τ (dy′, dx)Q (y, dx′) δx (dy)
Fubini
=
∫
y′,x
ψnτ (x, x
′)Q (x, dx′)µ(n−1)τ (dy′, dx)∫
x,x′,y′
ψnτ (x, x′)Q (x, dx′)µ(n−1)τ (dy′, dx)
✶✳✷✳ ❋■▲❚❘❊ ❖P❚■▼❆▲ ✶✼
=
∫
x
ψnτ (x, x
′)Q (x, dx′)π(n−1)τ (dx)∫
x,x′
ψnτ (x, x′)Q (x, dx′)π(n−1)τ (dx)
= Rn
(
π(n−1)τ
)
(dx′)
▼❛✐♥t❡♥❛♥t✱ ♥♦✉s ❛❧❧♦♥s ♠♦♥tr❡r (1.12)✳ P♦✉r t♦✉s α ❡t β ❞❛♥s R✱ ♥♦✉s ❛✈♦♥s ✿
E
(
exp
(
iαX(n−1)τ + iβXnτ
) | Y0:(n−1)τ)
= E
(
E
(
exp
(
iαX(n−1)τ + iβXnτ
)) | X0:(n−1)τ ,W0:(n−1)τ | Y0:(n−1)τ)
= E
(
E
(
exp
(
iαX(n−1)τ + iβXnτ
)) | X0:(n−1)τ | Y0:(n−1)τ)
= E
(
exp
(
iαX(n−1)τ
)
E (exp (iβXnτ )) | X(n−1)τ | Y0:(n−1)τ
)
=
∫
R2
exp (iαx+ iβx′)π(n−1)τ (dx)Q (x, dx′)
=
∫
R2
exp (iαx+ iβx′) Q˜π(n−1)τ (dx, dx′)
❊♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❲❡✐❡rstr❛ss ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ❝♦♠♣❧❡①❡ ❜♦r♥é✱
❝♦♥t✐♥✉❡✳ P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st g s✉r R2✱ ♥♦✉s ❛✈♦♥s ✿
g
(
X(n−1)τ , Xnτ
)
= lim
r→∞
g(r)
(
X(n−1)τ , Xnτ
)
❖ù ✿
g(r)
(
X(n−1)τ , Xnτ
)
=
mr∑
k=1
ark exp
(
iβrk,1X(n−1)τ + iβ
r
k,2Xnτ
)
❉♦♥❝✱ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ❛❜♦✉t✐t à ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ (1.12) ✿
E
(
g
(
X(n−1)τ , Xnτ
) | Y0:(n−1)τ) = ∫
R2
g (x, x′) Q˜π(n−1)τ (dx, dx′)

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❚r❛✐t❡♠❡♥t ❞✉ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡t ❞❡ ❧❛ ❢♦♥❝t✐♦♥
✈r❛✐s❡♠❜❧❛♥❝❡
❙✉✐t❡ ❛✉ ❝❤❛♣✐tr❡ ✶✱ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ πnτ ♣❡✉t s✬❡①♣r✐♠❡r ❝♦♠♠❡ ✉♥❡ ♠❡s✉r❡ ❋❡②♥♠❛♥✲❑❛❝
❜❛sé s✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ Q ❡t ❧❡s ♣♦t❡♥t✐❡❧s ψnτ ✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬ét✉❞✐❡r ❧❡s ♣r♦♣r✐étés
❝♦♥❝❡r♥❛♥t ❝❡s t❡r♠❡s✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❧❧♦♥s ❡st✐♠❡r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡t ❧❛ ❢♦♥❝t✐♦♥
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ❈❡s ❡st✐♠❛t✐♦♥s s❡r✈❡♥t à ♦❜t❡♥✐r ❧❡s ♣r♦♣r✐étés ♠é❧❛♥❣❛♥t❡s q✉❡ ❧✬♦♥ ✈❡rr❛ ❞❛♥s
❧❡s ❝❤❛♣✐tr❡s q✉✐ ✈✐❡♥♥❡♥t✳
✷✳✶✳ ❊st✐♠❛t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥
P♦✉r t♦✉t τ > 0✱ r❛♣♣❡❧♦♥s q✉❡ Q (x, dx′) ❡st ♥♦té ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡
▼❛r❦♦✈ (Xnτ )n≥0✳ ◆♦✉s ❛✈♦♥s ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t✳
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ P♦✉r t♦✉s x, x′ ∈ R✱ Q (x, dx′) ❛ ✉♥❡ ❞❡♥s✐té Q (x, x′) ♣❛r r❛♣♣♦rt à ❧❛
♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t
Q (x, x′) ≤ 1√
2πτ
exp
(
− (x
′ − x)2
2τ
+M |x′ − x|+ τM
2
)
Q (x, x′) ≥ 1√
2πτ
exp
(
− (x
′ − x)2
2τ
−M |x′ − x| − τM (M + 1)
2
)
❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❞é✜♥✐ss♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té P˜ ♣❛r✿
✭✷✳✶✮
dP
dP˜
∣∣∣∣
Fτ
= exp
(∫ τ
0
f(Xs)dV̂s − 1
2
∫ τ
0
f2(Xs)ds
)
.
❖ù✿
Vˆt = Vt +
∫ t
0
f (Xs) ds, t ≥ 0.
❆ ♣❛rt✐r ❞✉ t❤é♦rè♠❡ ❞❡ ●✐rs❛♥♦✈✱ V̂ ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❇r♦✇♥✐❡♥ st❛♥❞❛r❞ s♦✉s P˜✳ ◆♦✉s ♣♦s♦♥s
F ✉♥❡ ♣r✐♠✐t✐✈❡ ❞❡ f ✳ ◆♦✉s ❛✈♦♥s✿∫ τ
0
f(Xs)dV̂s − 1
2
∫ τ
0
f2(Xs)ds =
∫ τ
0
f(Xs)dXs − 1
2
∫ τ
0
f2(Xs)ds
= F (Xτ )− F (X0)− 1
2
∫ τ
0
f ′(Xs)ds− 1
2
∫ τ
0
f2(Xs)ds
≥ −M |Xτ −X0| − τM (M + 1)
2
❊t✱ ∫ τ
0
f(Xs)dV̂s − 1
2
∫ τ
0
f2(Xs)ds ≤ M |Xτ −X0|+ τM
2
❉♦♥❝✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ✱
E(ϕ(Xτ )) = E
P(ϕ(Xτ )) = E
P˜
(
ϕ(Xτ )
dP
dP˜
∣∣∣∣
Fτ
)
✶✾
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≥ EP˜
(
ϕ(Xτ ) exp
(
−M |Xτ −X0| − τM (M + 1)
2
))
.
E(ϕ(Xτ )) ≤ EP˜
(
ϕ(Xτ ) exp
(
M |Xτ −X0|+ τM
2
))
.

✷✳✷✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
❘❛♣♣❡❧♦♥s q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡st ❞é✜♥✐❡ ♣❛r✿
ψ
(
Y(n−1)τ :nτ , x0, x1
)
=
EPˆ
(
dP
dPˆ
∣∣∣∣
F[(n−1)τ:nτ]
∣∣∣∣∣X(n−1)τ = x0, Xnτ = x1, Y(n−1)τ :nτ
)
EPˆ
(
dP
dPˆ
∣∣∣∣
F[(n−1)τ:nτ]
∣∣∣∣∣X(n−1)τ = x0, Xnτ = x1
)
P♦✉r t♦✉t n ≥ 1, (x0, x1) ∈ R2✱ ❞é✜♥✐ss♦♥s ✿
ψ̂(Y(n−1)τ :nτ , x0, x1) , EP̂
(
exp
(
h
∫ nτ
(n−1)τ
XsdYs − h
2
2
∫ nτ
(n−1)τ
X2sds
)
|X(n−1)τ = x0, Xnτ = x1, Y(n−1)τ :nτ
)
◆♦✉s ❛❧❧♦♥s ❞✬❛❜♦r❞ ❞♦♥♥❡r ✉♥❡ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ ♣♦✉r ψ̂✳
✷✳✷✳✶✳ ❈❛❧❝✉❧s ❞❡ ψ̂✳ P♦✉r t♦✉t (x, z) ∈ R2✱ ♥♦✉s ❛❧❧♦♥s ❝❛❧❝✉❧❡r ✿
ψ̂(Y0:τ , x, z) , E
P̂
(
exp
(
h
∫ τ
0
XsdYs − h
2
2
∫ τ
0
X2sds
)∣∣∣∣X0 = x,Xτ = z, Y0:τ)
❙♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té Pˆ✱ (Xt)t≥0 ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥✳ ❉♦♥❝✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ♣♦♥t ❜r♦✇♥✐❡♥✱
♥♦✉s ♣♦✉✈♦♥s é❝r✐r❡ ψ̂ ♣❛r✿
ψ̂(Y0:τ , x, z) = E
(
exp
(
h
∫ τ
0
(
x(1− s
τ
) + z
s
τ
+Bs − s
τ
Bτ
)
dYs
−h
2
2
∫ τ
0
(
x(1− s
τ
) + z
s
τ
+Bs − s
τ
Bτ
)2
ds
))
,
❖ù ✿ (Bs, s ∈ [0, τ ]) ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ s♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té P✳
P❛r ❝❤❛♥❣❡♠❡♥t ✈❛r✐❛❜❧❡ s′ = s/τ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣r✐été ❞✬✐♥✈❛r✐❛♥❝❡ ♣❛r ❝❤❛♥❣❡♠❡♥t ❞✬é❝❤❡❧❧❡✱
♥♦✉s ♦❜t❡♥♦♥s ✿
ψ̂(Y0:τ , x, z) = E
(
exp
(
h
∫ 1
0
(x(1− s′) + zs′ +Bτs′ − s′Bτ ) dYs′τ
−τh
2
2
∫ 1
0
(x(1− s′) + zs′ +Bτs′ − s′Bτ )2 ds′
))
= E
(
exp
(
h
∫ 1
0
(
x(1− s) + zs+√τ(Bs − sB1)
)
dYsτ
−τh
2
2
∫ 1
0
(
x(1− s) + zs+√τ(Bs − sB1)
)2
ds
))
❉✬❛✉tr❡ ♣❛rt ✿
h
∫ 1
0
(
x(1− s) + zs+√τ(Bs − sB1)
)
dYsτ = h
∫ 1
0
(x(1− s) + zs) dYsτ+h
√
τ
∫ 1
0
(Bs − sB1) dYsτ
✷✳✷✳ ▲❆ ❋❖◆❈❚■❖◆ ❉❊ ❱❘❆■❙❊▼❇▲❆◆❈❊ ✷✶
= hx
∫ 1
0
(1− s) dYsτ + hz
∫ 1
0
sdYsτ − h
√
τ
∫ 1
0
(
Ysτ −
∫ 1
0
Ysτds
)
dBs
h2
∫ 1
0
(
x(1− s) + zs+√τ(Bs − sB1)
)2
ds = h2
∫ 1
0
(x(1− s) + zs)2 ds+h2τ
∫ 1
0
(Bs − sB1)2 ds
+ 2h2
√
τ
∫ 1
0
(x(1− s) + zs) (Bs − sB1) ds
=
h2x2
3
+
h2z2
3
+
h2xz
3
+ h2τ
(∫ 1
0
B2sds+B1
∫ 1
0
s2dBs − 2B
2
1
3
)
+ 2h2
√
τ
(
(x− z)
2
∫ 1
0
s2dBs − x
∫ 1
0
sdBs +
(
2x
3
+
z
3
)
B1
2
)
❉♦♥❝✱
ψ̂(Y0:τ , x, z) = exp
(
− h
2τx2
6
+ hx
∫ 1
0
(1− s) dYsτ − h
2τz2
6
+ hz
∫ 1
0
sdYsτ − h
2τxz
6
)
× E
(
exp
(
−h√τ
∫ 1
0
(
Ysτ −
∫ 1
0
Ysτds
)
dBs + h
2τ3/2x
∫ 1
0
sdBs+
+
h2τ3/2
2
(z − x)
∫ 1
0
s2dBs − h2τ3/2
(x
3
+
z
6
)
B1 − (hτ)
2
2
B1
∫ 1
0
s2dBs
+
(hτ)
2
3
B21 −
(hτ)
2
2
∫ 1
0
B2sds
))
✷✳✷✳✶✳✶✳ ❈❤❛♥❣❡♠❡♥t ❞❡ ♠❡s✉r❡✳ P♦✉r t♦✉t τ > 0✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ♣r♦❜❛❜✐❧✐té
Q t❡❧❧❡ q✉❡ ✿
dQ
dP
∣∣∣∣
Fτ
= exp
(
−hτ
∫ 1
0
BsdBs − (hτ)
2
2
∫ 1
0
B2sds
)
P❛r ❧❡ t❤é♦rè♠❡ ❞❡ ●✐rs❛♥♦✈✱ s♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té Q✱ ❧❡ ♣r♦❝❡ss✉s s✉✐✈❛♥t ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇✲
♥✐❡♥ ✿
✭✷✳✷✮ βt = Bt + hτ
∫ t
0
Bsds , ∀t ≥ 0
◆♦✉s ♦❜t❡♥♦♥s ✿
✭✷✳✸✮ ψ̂(Y0:τ , x, z) = exp
(
− h
2τx2
6
+ hx
∫ 1
0
(1− s) dYsτ − h
2τz2
6
+ hz
∫ 1
0
sdYsτ − h
2
1τxz
6
)
× EQ
(
exp
(
−h√τ
∫ 1
0
(
Ysτ −
∫ 1
0
Ysτds
)
dBs+
+ h2τ3/2x
∫ 1
0
sdBs +
h2τ3/2
2
(z − x)
∫ 1
0
s2dBs − h2τ3/2
(x
3
+
z
6
)
B1
+
(
(hτ)
2
3
+
hτ
2
)
B21 −
(hτ)
2
2
B1
∫ 1
0
s2dBs − hτ
2
)
✷✳✷✳✶✳✷✳ ❈❛❧❝✉❧s ❞❡ ❈♦✈❛r✐❛♥❝❡s✳ ◆♦t♦♥s ✿
G1 := B1 , G2 :=
∫ 1
0
sdBs , G3 :=
∫ 1
0
s2dBs , G4 :=
∫ 1
0
(
Yτs −
∫ 1
0
Yτudu
)
dBs .
■❧ s✬❛❣✐t ❞❡ ❝❛s ❣❛✉s✐❡♥✳ ❉♦♥❝✱ ❧✬❡s♣ér❛♥❝❡ ❞❛♥s ❧❛ ❢♦r♠✉❧❡ (2.3) ♣❡✉t s✬❡①♣r✐♠❡r ❝♦♠♠❡ ✉♥❡ ❢♦♥❝t✐♦♥
❞❡ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡ ❝❡s ❣❛✉s✐❡♥s✳ ◆♦✉s ❛❧❧♦♥s ❝❛❧❝✉❧❡r ❧❡s ❝♦✈❛r✐❛♥❝❡s q✉✐ ♥❡ ❞é♣❡♥❞❡♥t
♣❛s ❞✬♦❜s❡r✈❛t✐♦♥ Y0:τ ✳ ◆♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❡s ❧❡♠♠❡s s✉✐✈❛♥ts✳
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▲❡♠♠❡ ✷✳✷✳ P♦✉r t♦✉t t > 0✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ g : R→ R ♠❡s✉r❛❜❧❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡
❞❡ ▲❡❜❡s❣✉❡ t❡❧❧❡ q✉❡
∫ t
0
g(s)2ds <∞✱ ♥♦✉s ❛✈♦♥s ✿∫ t
0
g(s)dBs =
∫ t
0
(
g(s)− θeθs
∫ t
s
e−θug(u)du
)
dβs ,
❖ù ✿
✭✷✳✹✮ θ := hτ .
❉é♠♦♥str❛t✐♦♥✳ ❙♦✉s Q✱ B ❡st ✉♥ ♣r♦❝❡ss✉s ❞✬❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ✭✈♦✐r éq✉❛t✐♦♥ ✭✷✳✷✮✮✳
◆♦✉s ♣♦✉✈♦♥s é❝r✐r❡ B ❝♦♠♠❡ ✉♥❡ s♦❧✉t✐♦♥ ❢♦rt❡ ❞❡ ✭✷✳✷✮ ✿
✭✷✳✺✮ Bt = e
−θt
∫ t
0
eθsdβs , ∀t ≥ 0 .
◆♦✉s ✉t✐❧✐s♦♥s ❧❛ ❢♦r♠✉❧❡ ❞✬■t♦ ♣♦✉r ❝❛❧❝✉❧❡r ✿∫ t
0
(
g(s)− θeθs
∫ t
s
e−θug(u)du
)
dβs
=
∫ t
0
(
g(s)− θeθs
∫ t
0
e−θug(u)du
)
dβs +
∫ t
0
(
θeθs
∫ s
0
e−θug(u)du
)
dβs
=
∫ t
0
g(s)dβs −
(∫ t
0
e−θug(u)du
)(∫ t
0
θeθsdβs
)
+
∫ t
0
(
θeθs
∫ s
0
e−θug(u)du
)
dβs
=
∫ t
0
g(s)dβs −
∫ t
0
e−θug(u)
(∫ u
0
θeθsdβs
)
du−
∫ t
0
(∫ s
0
e−θug(u)du
)
θeθsdβs
+
∫ t
0
(
θeθs
∫ s
0
e−θug(u)du
)
dβs
=
∫ t
0
g(s)dβs −
∫ t
0
θg(u)Budu =
∫ t
0
g(s)dBs .

▲❡♠♠❡ ✷✳✸✳ ◆♦✉s ❛✈♦♥s✱ ♣♦✉r t♦✉t❡s s, t ≥ 0✱
g(s)− θeθs
∫ t
s
e−θug(u)du =

eθ(s−t) ✐❢ g(u) = 1, ∀u,(
t+ 1θ
)
eθ(s−t) − 1θ ✐❢ g(u) = u, ∀u,(
t2 + 2tθ +
2
θ2
)
eθ(s−t) − ( 2sθ + 2θ2 ) ✐❢ g(u) = u2, ∀u .
❉é♠♦♥str❛t✐♦♥✳ P♦✉r t♦✉t❡s s, t ≥ 0 ✿
1− θeθs
∫ t
s
e−θudu = 1− θeθs
[
−1
θ
e−θu
]t
s
= eθ(s−t)
s− θeθs
∫ t
s
ue−θudu = s− θeθs
[(
−u
θ
− 1
θ2
)
e−θu
]t
s
= s− θ
(
− t
θ
− 1
θ2
)
eθ(s−t) + θ
(
−s
θ
− 1
θ2
)
=
(
t+
1
θ
)
eθ(s−t) − 1
θ
,
s2 − θeθs
∫ t
s
u2e−θudu = s2 − θeθs
[(
−u
2
θ
− 2u
θ2
− 2
θ3
)
e−θu
]t
s
= s2 − θeθs
(
− t
2
θ2
− 2t
θ2
− 2
θ3
)
e−θt + θeθs
(
−s
2
θ
− 2s
θ2
− 2
θ3
)
e−θs
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=
(
t2 +
2t
θ
+
2
θ2
)
eθ(s−t) −
(
2s
θ
+
2
θ2
)
.

▲❡♠♠❡ ✷✳✹✳ ◆♦✉s ❛✈♦♥s ✿
VQ(G1) =
1− e−2θ
2θ
,
VQ(G2) =
(
1 +
1
θ
)2
(1− e−2θ)
2θ
+
1
θ2
−
(
2
θ2
+
2
θ3
)
(1− e−θ) ,
VQ(G3) =
(
1 +
2
θ
+
2
θ2
)2
(1− e−2θ)
2θ
+
(
2
θ
+
2
θ2
)3
θ
6
− 4
3θ5
− 4
θ2
(
1 +
2
θ
+
2
θ2
)
❈♦✈Q(G1, G2) =
(
1
2θ
+
1
2θ2
)
(1− e−2θ) + e
−θ − 1
θ2
,
❈♦✈Q(G1, G3) =
(
1
2θ
+
1
θ2
+
1
θ3
)
(1− e−2θ)− 2
θ2
,
❈♦✈Q(G2, G3) =
(
1 +
1
θ
)(
1
2θ
+
1
θ2
+
1
θ3
)
(1− e−2θ)−
(
1
θ2
+
2
θ3
+
2
θ4
)
(1− e−θ)− 1
θ2
.
❉é♠♦♥str❛t✐♦♥✳ ❊♥ ✉t✐❧✐s❛♥t ▲❡♠♠❡ 2.2✱ s♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té Q✱ ❧❡s ✈❛r✐❛❜❧❡s G1✱ G2✱ G3✱ G4
s♦♥t ●❛✉ss✐❡♥s ❝❡♥trés✳ ❊♥ ✉t✐❧✐s❛♥t ▲❡♠♠❛ ✷✳✸✱ ♥♦✉s ♣♦✉✈♦♥s ❝❛❧❝✉❧❡r ❧❡s ❡s♣ér❛♥❝❡s s✉✐✈❛♥t❡s ✿
EQ(G21) =
∫ 1
0
e2θ(s−1)ds
=
1− e−2θ
2θ
,
EQ(G22) =
∫ 1
0
((
1 +
1
θ
)
eθ(s−1) − 1
θ
)2
ds
=
∫ 1
0
(
1 +
1
θ
)2
e2θ(s−1) +
1
θ2
− 2
θ
(
1 +
1
θ
)
eθ(s−1)ds
=
[(
1 +
1
θ
)2
e2θ(s−1)
2θ
+
s
θ2
−
(
1 +
1
θ
)
2eθ(s−1)
θ2
]1
0
=
(
1 +
1
θ
)2
(1− e−2θ)
2θ
+
1
θ2
−
(
2
θ2
+
2
θ3
)
(1− e−θ) ,
EQ(G23) =
∫ 1
0
((
1 +
2
θ
+
2
θ2
)
eθ(s−1) −
(
2s
θ
+
2
θ2
))2
ds =∫ 1
0
(
1 +
2
θ
+
2
θ2
)2
e2θ(s−1) +
(
2s
θ
+
2
θ2
)2
− 2
(
1 +
2
θ
+
2
θ2
)
eθ(s−1)
(
2s
θ
+
2
θ2
)
=[(
1 +
2
θ
+
2
θ2
)2
e2θ(s−1)
2θ
+
(
2s
θ
+
2
θ2
)3
θ
6
− 2
(
1 +
2
θ
+
2
θ2
)(
2s
θ2
)
eθ(s−1)
]1
0
=
(
1 +
2
θ
+
2
θ2
)2
(1− e−2θ)
2θ
+
(
2
θ
+
2
θ2
)3
θ
6
− 4
3θ5
− 4
θ2
(
1 +
2
θ
+
2
θ2
)
,
EQ(G1G2) =
∫ 1
0
eθ(s−1) ×
((
1 +
1
θ
)
eθ(s−1) − 1
θ
)
ds
=
[(
1 +
1
θ
)
e2θ(s−1)
2θ
− e
θ(s−1)
θ2
]1
0
=
(
1
2θ
+
1
2θ2
)
(1− e−2θ) + e
−θ − 1
θ2
,
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EQ(G1G3) =
∫ 1
0
eθ(s−1)
((
1 +
2
θ
+
2
θ2
)
eθ(s−1) −
(
2s
θ
+
2
θ2
))
ds
=
[(
1 +
2
θ
+
2
θ2
)
e2θ(s−1)
2θ
− 2s
θ2
eθ(s−1)
]1
0
=
(
1
2θ
+
1
θ2
+
1
θ3
)
(1− e−2θ)− 2
θ2
,
EQ(G2G3) =
∫ 1
0
((
1 +
1
θ
)
eθ(s−1) − 1
θ
)
×
((
1 +
2
θ
+
2
θ2
)
eθ(s−1) −
(
2s
θ
+
2
θ2
))
ds
=
∫ 1
0
(
1 +
1
θ
)(
1 +
2
θ
+
2
θ2
)
e2θ(s−1) − 1
θ
(
1 +
2
θ
+
2
θ2
)
eθ(s−1)
−
(
1 +
1
θ
)
eθ(s−1)
(
2s
θ
+
2
θ2
)
+
1
θ
(
2s
θ
+
2
θ2
)
ds
=
[(
1 +
1
θ
)(
1 +
2
θ
+
2
θ2
)
e2θ(s−1)
2θ
−
(
1
θ
+
2
θ2
+
2
θ3
)
eθ(s−1)
θ
−
(
1 +
1
θ
)
2s
θ2
eθ(s−1) +
(
s2
θ2
+
2s
θ3
)]1
0
=
(
1 +
1
θ
)(
1
2θ
+
1
θ2
+
1
θ3
)
(1− e−2θ)−
(
1
θ2
+
2
θ3
+
2
θ4
)
(1− e−θ)− 1
θ2

❙♦✐❡♥t U1, U2, U3, U4 i.i.d✳ ❞❡ ❧♦✐ N (0, 1)✳ ◆♦✉s ♣♦✉✈♦♥s tr♦✉✈❡r α, β, γ, a, b, c, λ1, λ2, λ3, λ4 ∈ R
t❡❧❧❡s q✉❡ ✿ 
G1
G3
G2
G4
 ❧❛✇=

αU1
βU1 +γU2
aU1 +bU2 +cU3
λ1U1 +λ2U2 +λ3U3 +λ4U4
 .
❊♥ ❡✛❡t✱ ♥♦✉s ♣r❡♥♦♥s ✿
✭✷✳✻✮ α =
√
VQ(G1) , β =
❈♦✈Q(G1, G3)
α
, γ =
√
VQ(G3)− β2 ,
✭✷✳✼✮ a =
❈♦✈Q(G1, G2)
α
, b =
❈♦✈Q(G2, G3)− aβ
γ
, c =
√
VQ(G2)− a2 − b2 .
❊t ♥♦✉s ❝❤❡r❝❤♦♥s λ1 (Y0:τ ) , . . . , λ4 (Y0:τ ) ❡♥ rés♦❧✈❛♥t ✿
✭✷✳✽✮

αλ1 (Y0:τ ) = ❈♦✈
Q(G1, G4)
βλ1 (Y0:τ ) +γλ2 (Y0:τ ) = ❈♦✈
Q(G3, G4)
aλ1 (Y0:τ ) +bλ2 (Y0:τ ) +cλ3 (Y0:τ ) = ❈♦✈
Q(G2, G4)
λ21 (Y0:τ ) +λ
2
2 (Y0:τ ) +λ
2
3 (Y0:τ ) +λ
2
4 (Y0:τ ) = V
Q(G4) .
◆♦✉s ♦❜s❡r✈♦♥s q✉❡ α, β, γ, a, b, c ♣❡✉✈❡♥t s✬❡①♣r✐♠❡r ❡①♣❧✐❝✐t❡♠❡♥t ❡♥ t❡r♠❡ ❞❡ ♣❛r❛♠ètr❡s ❞❡
♣r♦❜❧è♠❡✳
✷✳✷✳✶✳✸✳ ❈❛❧❝✉❧s ❞✬✐♥té❣r❛❧❡✳ ▲✬❡s♣ér❛♥❝❡ ❞❛♥s ❧❛ ❢♦r♠✉❧❡ (2.3) ❞❡✈✐❡♥t ✿
✭✷✳✾✮ EQ
(
exp
((
θ2
3
+
θ
2
)
G21 −
θ2
2
G1G3 − h2τ3/2
(x
3
+
z
6
)
G1
+ h2τ3/2xG2 +
h2τ3/2
2
(z − x)G3 − h
√
τG4
))
=
1
(2π)2
∫
u1,...,u4∈R
exp
((
θ2
3
+
θ
2
)
α2u21 −
θ2
2
αu1(βu1 + γu2)− h2τ3/2
(x
3
+
z
6
)
αu1
+h2τ3/2x(au1 + bu2 + cu3) +
h2τ3/2
2
(z − x) (βu1 + γu2)− h
√
τ(λ1u1 + · · ·+ λ4u4)
)
✷✳✷✳ ▲❆ ❋❖◆❈❚■❖◆ ❉❊ ❱❘❆■❙❊▼❇▲❆◆❈❊ ✷✺
exp
(
− (u
2
1 + · · ·+ u24)
2
)
du1 . . . du4 =
1
(2π)2
∫
u1,...,u4∈R
exp
{
− 1
2σ21
[
u1 − σ21
(
−θ
2αγ
2
u2 − h2τ3/2
(x
3
+
z
6
)
α+ h2τ3/2xa
+
h2τ3/2
2
(z − x)β − h√τλ1
)]2
+
σ21
2
[
−θ
2αγ
2
u2 − h2τ3/2
(x
3
+
z
6
)
α+ h2τ3/2xa+
h2τ3/2
2
(z − x)β − h√τλ1
]2
+ h2τ3/2x(bu2 + cu3) +
h2τ3/2
2
(z − x)γu2 − h
√
τ(λ2u2 + · · ·+ λ4u4)
− (u
2
2 + · · ·+ u24)
2
}
du1 . . . du4 ,
❖ù ✿
✭✷✳✶✵✮ σ21 :=
(
2
(
−
(
θ2
3
+
θ
2
)
α2 +
θ2αβ
2
+
1
2
))−1
.
P❛r❝❡ q✉❡ ❧✬❡s♣ér❛♥❝❡ ❛✉✲❞❡ss✉s ❡st ✜♥✐❡✱ ❞♦♥❝ σ21 ❡st ❜✐❡♥ ❞é✜♥✐❡✳ ◆♦✉s ♣♦s♦♥s ✿
✭✷✳✶✶✮ m1 = σ
2
1
(
−h2τ3/2
(x
3
+
z
6
)
α+ h2τ3/2xa+
h2τ3/2
2
(z − x)β − h√τλ1
)
.
▲✬❡s♣ér❛♥❝❡ ❞❛♥s ✭✷✳✾✮ ❞❡✈✐❡♥t ✿
✭✷✳✶✷✮
1
(2π)2
∫
u1,...,u4∈R
exp
(
− 1
2σ21
[
u1 + σ
2
1
θ2αγ
2
u2 −m1
]2
+
(
σ21θ
2αγ
2
)2
u22
1
2σ21
+
m21
2σ21
−
(
θ2αγ
2
)
m1u2
+ h2τ3/2x(bu2 + cu3) +
h2τ3/2
2
(z − x)γu2
−h√τ(λ2u2 + λ3u3 + λ4u4)− (u
2
2 + u
2
3 + u
2
4)
2
)
du1 . . . du4 =
1
(2π)2
∫
u1,...,u4∈R
exp
(
− 1
2σ21
[
u1 + σ
2
1
θ2αγ
2
u2 −m1
]2
− 1
2σ22
[
u2 − σ22
(
h2τ3/2xb+
h2τ3/2
2
(z − x)γ − h√τλ2 − θ
2αγm1
2
)]2
+
m22
2σ22
+
m21
2σ21
+ h2τ3/2xcu3 − h
√
τ(λ3u3 + λ4u4)− (u
2
3 + u
2
4)
2
)
du1 . . . du4
❖ù ✿
✭✷✳✶✸✮ σ22 =
(
2
(
−σ
2
1θ
4α2γ2
8
+
1
2
))−1
,
❊t✱
✭✷✳✶✹✮ m2 = σ
2
2
(
h2τ3/2xb+
h2τ3/2
2
(z − x)γ − h√τλ2 − θ
2αγ
2
m1
)
.
❉♦♥❝ ✭✷✳✶✷✮ ❡st é❣❛❧ à ✿
✭✷✳✶✺✮
1
(2π)2
∫
u1,...,u4∈R
exp
(
− 1
2σ21
[
u1 + σ
2
1
θ2αγ
2
u2 −m1
]2
− 1
2σ22
[u2 −m2]2 + m
2
2
2σ22
+
m21
2σ21
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− 1
2
[
u3 − h2τ3/2cx+ h
√
τλ3
]2
− 1
2
[
u4 + h
√
τλ4
]2
+
1
2
(−h2τ3/2xc+ h√τλ3)2 + 1
2
(−h√τλ4)2
)
du1 . . . du4 =
σ1σ2 exp
(
m22
2σ22
+
m21
2σ21
+
1
2
(−h2τ3/2xc+ h√τλ3)2 + 1
2
(h
√
τλ4)
2
)
✷✳✷✳✶✳✹✳ ❆s②♠♣t♦t✐q✉❡♠❡♥t✳ ❆ ♣❛rt✐r ❞❡ (2.3) ❡t (2.15)✱ ♥♦✉s ♣♦✉✈♦♥s é❝r✐r❡ ✿ ψ̂(x, z, Y0:τ ) =
σ1σ2 exp(P (x, z))✱ ♦ù P ❡st ✉♥ ♣♦❧②♥ô♠❡ ❞❡ 2 ❞❡❣rés✳ ◆♦t♦♥s −A2 (θ) ♣♦✉r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ x2
❞❛♥s P ✱ −B2 (θ) ♣♦✉r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ z2 ❞❛♥s P ✱ C1 (θ) ♣♦✉r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ xz ❞❛♥s P ✱ AY0:τ1 (θ)
♣♦✉r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ x ❞❛♥s P ✱ BY0:τ1 (θ) ♣♦✉r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ z ❞❛♥s P ✱ C
Y0:τ
0 (θ) ♣♦✉r ❧❛ ❝♦♥st❛♥t❡
❞❛♥s P ✳ ◆♦✉s ❛✈♦♥s ✿
ψ̂(x, z, Y0:τ ) =σ1σ2 exp
(
−A2 (θ)x2 −B2 (θ) z2 +AY0:τ1 (θ)x+BY0:τ1 (θ) z + C1 (θ)xz + CY0:τ0 (θ)
)✭✷✳✶✻✮
❖ù s❡s ❝♦❡✣❝✐❡♥ts s♦♥t ❞é✜♥✐s ❝✐✲❞❡ss♦✉s ✿
✭✷✳✶✼✮ A2 (θ) = h
θ
6
− σ
2
1
2
hθ3
(
−α
3
− β
2
+ a
)2
− 1
2
hθ3c2−
− σ
2
2
2
hθ3
(
b− γ
2
− θ
2αγ
2
σ21
(
−α
3
− β
2
+ a
))2
B2 (θ) =h
θ
6
− σ
2
1
2
hθ3
(
−α
6
+
β
2
)2
− σ
2
2
2
hθ3
(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))2
✭✷✳✶✽✮
C1 (θ) = −hθ
6
+ σ21hθ
3
(
−α
3
− β
2
+ a
)(
−α
6
+
β
2
)
✭✷✳✶✾✮
+ σ22hθ
3
(
b− γ
2
− θ
2αγ
2
σ21
(
−α
3
− β
2
+ a
))(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))
CY0:τ0 (θ) ,
hθ
2
λ24 +
hθ
2
λ23 +
σ22hθ
2
(λ2 − σ
2
1θ
2αγ
2
λ1)
2 +
σ21hθ
2
λ21 −
θ
2
✭✷✳✷✵✮
AY0:τ1 (θ) , h
∫ 1
0
(1− s) dYsτ − hθ2λ3c+ σ21hθ2
(
α
3
+
β
2
− a
)
λ1
+ σ22hθ
2
(
b− γ
2
+
θ2αγ
2
σ21
(
α
3
+
β
2
− a
))(
−λ2 + θ
2αγ
2
σ21λ1
)
,✭✷✳✷✶✮
BY0:τ1 (θ) , h
∫ 1
0
sdYsτ + σ
2
1hθ
2
(
α
6
− β
2
)
λ1+
+ σ22hθ
2
(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))(
−λ2 + θ
2αγ
2
σ21λ1
)
✭✷✳✷✷✮
❙✉♣♣♦s♦♥s q✉❡ h ✜①é❡✳ ◆♦✉s ❛✐♠❡r✐♦♥s ét✉❞✐❡r A2 (θ) , B2 (θ) , C1 (θ) q✉❛♥❞ θ → +∞✳
▲❡♠♠❡ ✷✳✺✳ ◆♦✉s ❛✈♦♥s ✿
A2 (θ) −−−−−→
θ→+∞
h
2
,
B2 (θ) −−−−−→
θ→+∞
h
2
,
C1 (θ) = −3h
2θ
+ o
(
1
θ
)
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❉é♠♦♥str❛t✐♦♥✳ ❆ ♣❛rt✐r ❞✉ ❧❡♠♠❛ ✷✳✹ ❡t ❞❡s ❢♦r♠✉❧❡s ✭✷✳✻✮✱ ✭✷✳✼✮✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✭✷✳✷✸✮ α =
1√
2θ
+ o
(
1
θn
)
, ∀n ∈ N∗ ,
✭✷✳✷✹✮ ❈♦✈Q(G1, G3) =
1
2θ
− 1
θ2
+
1
θ3
+ o
(
1
θ3
)
,
✭✷✳✷✺✮ β =
1√
2θ
−
√
2
θ3/2
+
√
2
θ5/2
+ o
(
1
θ5/2
)
,
✭✷✳✷✻✮ β2 =
1
2θ
− 2
θ2
+
4
θ3
− 4
θ4
+ o
(
1
θ4
)
,
✭✷✳✷✼✮ VQ(G3) =
1
2θ
− 2
3θ2
+ o
(
1
θ4
)
,
✭✷✳✷✽✮ γ =
2
θ
√
3
−
√
3
θ2
+
√
3
4θ3
+
3
√
3
8θ4
+ o
(
1
θ4
)
✱
✭✷✳✷✾✮ σ21 =
6
θ
+
18
θ2
+
18
θ3
− 54
θ4
+ o
(
1
θ4
)
,
✭✷✳✸✵✮ ❈♦✈Q(G1, G2) =
1
2θ
− 1
2θ2
+ o
(
1
θ3
)
,
✭✷✳✸✶✮ a =
1√
2θ
− 1√
2θ3/2
+ o
(
1
θ5/2
)
,
VQ(G2) =
1
2θ
− 3
2θ3
+ o
(
1
θ3
)
,✭✷✳✸✷✮
c2 =
1
4θ2
− 5
4θ3
+ o
(
1
θ3
)
,✭✷✳✸✸✮
σ22 =
1
3θ2
− 1
θ
+ 2 + o
(
1
θ3
)
✭✷✳✸✹✮
❆ ♣❛rt✐r ❞❡ ❝❡s ❧✐♠✐t❡s✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
b− γ
2
− θ
2αγ
4
σ21
(
−α
3
+
β
2
+ a
)
=
√
3
2θ3
+ o
(
1
θ3
)
,
σ22
2
hθ3
(
b− γ
2
− θ
2αγ
2
σ21
(
−α
3
− β
2
+ a
))2
−−−−−→
θ→+∞
0,
1
2
hθ3c2 = h
(
θ
8
− 5
8
+ o (1)
)
,
σ21
2
hθ3
(
−α
3
− β
2
+ a
)2
= h
(
θ
24
+
1
8
+ o (1)
)
,
A2 (θ) −−−−−→
θ→+∞
h
2
✭✷✳✸✺✮
σ22
2
hθ3
(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))2
−−−−−→
θ→+∞
0,
✷✽ ✷✳ ❚❘❆■❚❊▼❊◆❚ ❉❯ ◆❖❨❆❯ ❉❊ ❚❘❆◆❙■❚■❖◆ ❊❚ ❉❊ ▲❆ ❋❖◆❈❚■❖◆ ❱❘❆■❙❊▼❇▲❆◆❈❊
σ21
2
hθ3
(
−α
6
+
β
2
)2
= h
(
θ
6
− 1
2
+ o (1)
)
,
B2 (θ) −−−−−→
θ→+∞
h
2
✭✷✳✸✻✮
❊t✱
σ22
2
hθ3
(
b− γ
2
− θ
2αγ
2
σ21
(
−α
3
− β
2
+ a
))(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))
−−−−−→
θ→+∞
0,
σ21
2
hθ3
(
−α
3
− β
2
+ a
)(
−α
6
+
β
2
)
= h
(
θ
6
− 3
2θ
+ o
(
1
θ
))
,
❉♦♥❝✱
C1 (θ) = −3h
2θ
+ o
(
1
θ
)
✭✷✳✸✼✮

❘❡♠❛rq✉❡✳ ▲❡s ❝❛❧❝✉❧s ❛s②♠♣t♦t✐q✉❡s ❛✉✲❞❡ss✉s s♦♥t ❢❛✐t❡s ❡♥ ✉t✐❧✐s❛♥t ▼❛t❤❡♠❛t✐❝❛✳
✷✳✷✳✶✳✺✳ ▲❛ ❢♦r♠✉❧❡ ❞❡ ψ̂ ❡♥ ❣é♥ér❛❧✳ ❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ♣❛r ❝❤❛♥❣❡♠❡♥t ✈❛r✐❛❜❧❡ ✿{
Xˆs = Xs+(n−1)τ
Yˆs = Ys+(n−1)τ
◆♦✉s ♦❜t❡♥♦♥s ✿
ψ̂(Y(n−1)τ :nτ , x, z) = σ1σ2 exp
(
−A2 (θ)x2 +AY(n−1)τ:nτ1 (θ)x+ C1 (θ)xz
+B
Y(n−1)τ:nτ
1 (θ) z −B2 (θ) z2 + C
Y(n−1)τ:nτ
0 (θ)
)
✭✷✳✸✽✮
❖ù ✿
✭✷✳✸✾✮ C
Y(n−1)τ:nτ
0 (θ) = −
θ
2
+
hθ
2
(
λ4
(
Y(n−1)τ :nτ
))2
+
hθ
2
(λ3
(
Y(n−1)τ :nτ
)
)2
+
σ22hθ
2
(
λ2
(
Y(n−1)τ :nτ
)− σ21θ2αγ
2
λ1
(
Y(n−1)τ :nτ
))2
+
σ21hθ
2
(
λ1
(
Y(n−1)τ :nτ
))2
,
A
Y(n−1)τ:nτ
1 (θ) = h
∫ n
n−1
(n− s) dYsτ − hθ2λ3
(
Y(n−1)τ :nτ
)
c+ σ21hθ
2
(
α
3
+
β
2
− a
)
λ1
(
Y(n−1)τ :nτ
)
+ σ22hθ
2
(
b− γ
2
+
θ2αγ
2
σ21
(
α
3
+
β
2
− a
))(
−λ2
(
Y(n−1)τ :nτ
)
+
θ2αγ
2
σ21λ1
(
Y(n−1)τ :nτ
))
,
B
Y(n−1)τ:nτ
1 (θ) = h
∫ n
n−1
(s+ 1− n) dYsτ + σ21hθ2
(
α
6
− β
2
)
λ1
(
Y(n−1)τ :nτ
)
+ σ22hθ
2
(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))(
−λ2
(
Y(n−1)τ :nτ
)
+
θ2αγ
2
σ21λ1
(
Y(n−1)τ :nτ
))
❊t✱ ❧❡s ♣❛r❛♠ètr❡s λ1
(
Y(n−1)τ :nτ
)
, λ2
(
Y(n−1)τ :nτ
)
, λ3
(
Y(n−1)τ :nτ
)
, λ4
(
Y(n−1)τ :nτ
)
s♦♥t ❞é✜♥✐s
♣❛r ✿
✭✷✳✹✵✮
αλ1
(
Y(n−1)τ :nτ
)
= ❈♦✈Q(G1, G
(n)
4 )
βλ1
(
Y(n−1)τ :nτ
)
+γλ2
(
Y(n−1)τ :nτ
)
= ❈♦✈Q(G3, G
(n)
4 )
aλ1
(
Y(n−1)τ :nτ
)
+bλ2
(
Y(n−1)τ :nτ
)
+cλ3
(
Y(n−1)τ :nτ
)
= ❈♦✈Q(G2, G
(n)
4 )∑4
i=1
(
λi
(
Y(n−1)τ :nτ
))2
= VQ(G
(n)
4 ) .
✷✳✷✳ ▲❆ ❋❖◆❈❚■❖◆ ❉❊ ❱❘❆■❙❊▼❇▲❆◆❈❊ ✷✾
❖ù ✿
G
(n)
4 :=
∫ n
n−1
(
Yτs −
∫ n
n−1
Yτudu
)
dBs
P♦✉r t♦✉t n ≥ 1✱ ♦♥ s✬✐♥tér❡ss❡ ♠❛✐♥t❡♥❛♥t ❛✉① t❡r♠❡s q✉✐ ❞é♣❡♥❞❡♥t ❞❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❛♥s ❧❛
❢♦r♠✉❧❡ ❞❡ ψ̂✳ ◆♦✉s ❛❧❧♦♥s ét❛❜❧✐r q✉❡❧q✉❡s ♣r♦♣r✐étés s✉r A
Y(n−1)τ:nτ
1 (θ) ❡t B
Y(n−1)τ:nτ
1 (θ)✳ ❉♦♥❝✱
♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❛ ♥♦✉✈❡❧❧❡ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡✳
❉é❢✐♥✐t✐♦♥ ✷✳✻✳ ❙♦✐❡♥t f1✱ f2 ❞❡✉① ❢♦♥❝t✐♦♥s ❞❡ E ❞❛♥s R✳ ◆♦✉s é❝r✐✈♦♥s f1  f2 s✬✐❧ ❡①✐st❡
✉♥❡ ❝♦♥st❛♥t❡ C q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ♣❛r❛♠ètr❡ ❞✉ ♣r♦❜❧è♠❡ t❡❧ q✉❡ f1 (z) ≤ Cf2 (z) ❛✈❡❝ ♣♦✉r
t♦✉t z ∈ E✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ q✉❛♥❞ ♦♥ tr❛ît❡ ❛✈❡❝ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ♣❛r❡♠ètr❡ △✱ ♥♦✉s é❝r✐✈♦♥s
f1 
△
f2 ♦✉ ❜✐❡♥ f1 (△) 
△
f2 (△) s✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C1 q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ♣❛r❛♠ètr❡ ❞✉
♣r♦❜❧è♠❡ ❡t ✉♥❡ ❛✉tr❡ ❝♦♥st❛♥t❡ C2 q✉✐ ♣❡✉t ❞é♣❡♥❞r❡ ❞✉ ♣❛r❡♠ètr❡ ❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡ t❡❧❧❡s q✉❡
f1 (△) ≤ C1f2 (△) + C2✳
◆♦✉s ❞♦♥♥♦♥s ✉♥❡ ♣r♦♣r✐été ♣r❛t✐q✉❡ ✭s❛♥s ❞é♠♦♥str❛t✐♦♥✮ ♣♦✉r ❧❛ ❞é✜♥✐t✐♦♥ ❛✉✲❞❡ss✉s ❞❛♥s
❧❡ ❧❡♠♠❡ s✉✐✈❛♥t✳
▲❡♠♠❡ ✷✳✼✳ ❙✉♣♣♦s♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❞❡s ❢♦♥❝t✐♦♥s f ✱ f1✱ f2✱ h1✱ h2 ❞❡ E ❞❛♥s R✱ ♦ù ❧❡s
❢♦♥❝t✐♦♥s f ✱ f1✱ f2 s♦♥t ♣♦s✐t✐✈❡s ❡t E ❡st ✉♥ ❡♥s❡♠❜❧❡ q✉❡❧❝♦♥q✉❡✳ ❙✐ f ≤ f1+f2 ❡t f1  f2✱ ❛❧♦rs
f  f2✳ ❙✐ f ≤ f1 + f2 ❡t log (f1) 
△
h1 ❡t log (f2) 
△
h2✱ ❛❧♦rs log (f) 
△
sup (h1, h2)✳
P♦✉r t♦✉t s ≤ t✱ ♥♦t♦♥s ✿
Ws,t = sup
(s1,s2)∈[s,t]
|Ws1 −Ws2 | ,Vs,t = sup
(s1,s2)∈[s,t]
|Vs1 − Vs2 | .
❊♥ ✉t✐❧✐s❛♥t ❧❛ ❞é✜♥✐t✐♦♥✱ ♥♦✉s ❛✈♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ♣♦✉r ❧❡ t❡r♠❡ B
Y(n−1)τ:nτ
1 (θ)✳
▲❡♠♠❡ ✷✳✽✳ P♦✉r t♦✉t k ∈ N✱∣∣B1(Ykτ :(k+1)τ , θ)−B1(Y(k+1)τ :(k+2)τ , θ)∣∣ Mhτ + hVkτ,(k+2)τ + hWkτ,(k+2)τ ,
❡t
|B1(Y0:τ , θ)| Mhτ + hV0,2τ + hW0,2τ .
❆✈❛♥t ❞❡ ♠♦♥tr❡r ❝❡ rés✉❧t❛t✱ ♥♦✉s ❛❧❧♦♥s ❞✬❛❜♦r❞ ♠♦♥tr❡r ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t✳
▲❡♠♠❡ ✷✳✾✳ P♦✉r t♦✉t k ∈ N✱ s ∈ [k, k + 1]✱∣∣∣∣∣Yτs −
∫ k+1
k
Yτudu− Yτ(s+1) +
∫ k+1
k
Yτ(u+1)du
∣∣∣∣∣  hτ2M + hτVkτ,(k+1)τ +Wkτ,(k+1)τ∣∣∣∣∫ 1
0
e−θ sinh(θs)
θ
dYτk+τs −
∫ 1
0
e−θ sinh(θs)
θ
dYτ(k+1)+τs
∣∣∣∣  Mτ + Vkτ,(k+1)τ +Wkτ,(k+1)τθ
❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❛✈♦♥s ✿∣∣∣∣∣Yτs −
∫ k+1
k
Yτudu− Yτ(s+1) +
∫ k+1
k
Yτ(u+1)du
∣∣∣∣∣
=
∣∣∣∣∣
∫ τ(s+1)
τs
hXudu+Wτ(s+1) −Wτs −
∫ k+1
k
(
h
∫ τ(u+1)
τu
Xvdv +Wτ(u+1) −Wτu
)
du
∣∣∣∣∣

∣∣∣∣∣
∫ k+1
k
h
(∫ τ(s+1)
τs
Xvdv −
∫ τ(u+1)
τu
Xvdv
)
du
∣∣∣∣∣+Wkτ,(k+2)τ
=
∣∣∣∣∣h
∫ k+1
k
(∫ τ(s+1)
τs
Xv −Xv+τ(u−s)dv
)
du
∣∣∣∣∣+Wkτ,(k+2)τ
=
∣∣∣∣∣h
∫ k+1
k
(∫ τ(s+1)
τs
∫ v
v+τ(u−s)
f(Xt)dt+ Vv − Vv+τ(u−s)dv
)
du
∣∣∣∣∣+Wkτ,(k+2)τ
✸✵ ✷✳ ❚❘❆■❚❊▼❊◆❚ ❉❯ ◆❖❨❆❯ ❉❊ ❚❘❆◆❙■❚■❖◆ ❊❚ ❉❊ ▲❆ ❋❖◆❈❚■❖◆ ❱❘❆■❙❊▼❇▲❆◆❈❊
≤ hτ2M + hτVkτ,(k+2)τ +Wkτ,(k+2)τ ,
❡t ∣∣∣∣∫ 1
0
e−θ sinh(θs)
θ
dYτk+τs −
∫ 1
0
e−θ sinh(θs)
θ
dYτ(k+1)+τs
∣∣∣∣
=
∣∣∣∣∫ τ
0
e−θ sinh(hs)
θ
(h(Xτk+s −Xτ(k+1)+s)ds+ dWτk+s − dWτ(k+1)+s)
∣∣∣∣
≤
∣∣∣∣∫ τ
0
e−θ sinh(hs)
θ
h(Xτk+s −Xτ(k+1)+s)ds
∣∣∣∣+ ∣∣∣∣e−θ sinh(θ)θ (Wτ(k+1) −Wτ(k+2))
∣∣∣∣
+
∣∣∣∣∫ τ
0
(Wτk+s −Wτ(k+1)+s)e
−θ cosh(hs)
τ
ds
∣∣∣∣  Mτ + Vkτ,(k+2)τθ + Wkτ,(k+2)τθ

❉é♠♦♥str❛t✐♦♥ ❞✉ ❧❡♠♠❛ ✷✳✽✳ ❖♥ ♣r♦✉✈❡ ❝❡ ❧❡♠♠❡ ❞❛♥s ❧❡ ❝❛s ♦ù k = 0 ❡t ♦♥ ❢❛✐t ❞❡ ❧❛
♠ê♠❡ ♠❛♥✐èr❡ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✳ ❆ ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✷✳✷ ❡t ❞✉ ❧❡♠♠❡ ✷✳✸✱ ♥♦✉s ❛✈♦♥s ✿
❈♦✈Q(G1, G
(1)
4 ) =
∫ 1
0
eθ(s−1)
(
g1 (s)− θeθs
∫ 1
s
e−θug1 (u) du
)
ds✭✷✳✹✶✮
=
∫ 1
0
eθ(s−1)g1 (s) ds− θ
∫ 1
0
eθ(2s−1)
(∫ 1
s
e−θug1 (u) du
)
ds
=
∫ 1
0
eθ(s−1)g1 (s) ds− 1
2
∫ 1
0
(∫ 1
s
e−θug1 (u) du
)
deθ(2s−1)
=
∫ 1
0
eθ(s−1)g1 (s) ds− e−θ
∫ 1
0
(−e−θs + eθs)
2
g1 (s) ds
= e−θ
∫ 1
0
(
e−θs + eθs
)
2
g1 (s) ds
=
∫ 1
0
g1 (s) e
−θ cosh (θs) ds
❈♦✈Q(G1, G
(2)
4 ) =
∫ 1
0
g2 (s) e
−θ cosh (θs) ds✭✷✳✹✷✮
❖ù ✿
g1 (s) , Yτs −
∫ 1
0
Yτudu, g2 (s) , Yτ(s+1) −
∫ 1
0
Yτ(u+1)du
❊t✱
❈♦✈Q(G2, G
(1)
4 ) =
∫ 1
0
((
1 +
1
θ
)
eθ(s−1) − 1
θ
)(
g1 (s)− θeθs
∫ 1
s
e−θug1 (u) du
)
ds
✭✷✳✹✸✮
=
(
1 +
1
θ
)
❈♦✈(G1, G
(1)
4 )−
1
θ
∫ 1
0
g1 (s) ds+
∫ 1
0
eθs
(∫ 1
s
e−θug1 (u) du
)
ds
=
(
1 +
1
θ
)
❈♦✈(G1, G
(1)
4 )−
1
θ
∫ 1
0
g1 (s) ds+
1
θ
∫ 1
0
(∫ 1
s
e−θug1 (u) du
)
deθs
=
(
1 +
1
θ
)
❈♦✈(G1, G
(1)
4 )−
1
θ
∫ 1
0
g1 (s) ds+
1
θ
∫ 1
0
g1 (s) ds− 1
θ
∫ 1
0
e−θug1 (u) du
=
(
1 +
1
θ
)
❈♦✈(G1, G
(1)
4 )−
1
θ
∫ 1
0
e−θsg1 (s) ds
✷✳✷✳ ▲❆ ❋❖◆❈❚■❖◆ ❉❊ ❱❘❆■❙❊▼❇▲❆◆❈❊ ✸✶
❈♦✈Q(G2, G
(2)
4 ) =
(
1 +
1
θ
)
❈♦✈(G1, G
(2)
4 )−
1
θ
∫ 1
0
e−θsg2 (s) ds✭✷✳✹✹✮
❈♦✈Q(G3, G
(1)
4 ) =
∫ 1
0
((
1 +
2
θ
+
2
θ2
)
eθ(s−1) −
(
2s
θ
+
2
θ2
))(
g1 (s)− θeθs
∫ 1
s
e−θug1 (u) du
)
ds
✭✷✳✹✺✮
=
(
1 +
2
θ
+
2
θ2
)
❈♦✈(G1, G
(1)
4 )−
2
θ2
∫ 1
0
g1 (s) e
−θsds−
∫ 1
0
2s
θ
g1 (s) ds
+
∫ 1
0
(
2s
θ
+
2
θ2
)
θeθs
(∫ 1
s
e−θug1 (u) du
)
ds
=
(
1 +
2
θ
+
2
θ2
)
❈♦✈(G1, G
(1)
4 )−
2
θ2
∫ 1
0
g1 (s) e
−θsds
❈♦✈Q(G3, G
(2)
4 ) =
(
1 +
2
θ
+
2
θ2
)
❈♦✈(G1, G
(2)
4 )−
2
θ2
∫ 1
0
g2 (s) e
−θsds✭✷✳✹✻✮
❊♥ ✉t✐❧✐s❛♥t (2.8)✱(2.23)✲(2.34)✱ ❧❡s ❝❛❧❝✉❧s ❝✐✲❞❡ss♦✉s s❡ ❢♦♥t ❛✈❡❝ ♠❛t❤❡♠❛t✐❝❛ ✿
−σ21hθ2
(
−α
6
+
β
2
)
λ1(Y0:τ ) = −h(2θ +O(1))❈♦✈Q(G1, G(1)4 )
σ22
(
γ
2
− θ
2αγσ21
2
(
−α
6
+
β
2
))
= O
(
1
θ
)
,
−λ2(Y0:τ ) + θ
2αγσ21
2
λ1(Y0:τ ) = ❈♦✈
Q(G1, G
(1)
4 )
(
− 1
γ
(
1 +
2
θ
+
2
θ2
− β
α
)
− β
αγ
+
θ2γσ21
2
)
+
2
γθ2
∫ 1
0
g1(u)e
−θudu
=
(
❈♦✈Q(G1, G
(1)
4 ) +
∫ 1
0
g1(u)e
−θudu
)
×O
(
1
θ
)
.✭✷✳✹✼✮
❉♦♥❝✱
✭✷✳✹✽✮
−σ21hθ2
(
−α
6
+
β
2
)
λ1(Y0:τ )+σ
2
2
(
γ
2
− θ
2αγσ21
2
(
−α
6
+
β
2
))(
−λ2(Y0:τ ) + θ
2αγσ21
2
λ1(Y0:τ )
)
= −2h(θ +O(1))❈♦✈Q(G1, G(1)4 ) +O
(
1
θ2
)∫ 1
0
g1(u)e
−θudu .
❉✬❛✉tr❡ ♣❛rt✱ ❧❛ ❢♦r♠✉❧❡ (2.41) ♣❡✉t êtr❡ réé❝r✐t❡ s♦✉s ❧❛ ❢♦r♠❡ ✿
❈♦✈Q(G1, G
(1)
4 ) =
∫ 1
0
(
Yτs −
∫ 1
0
Yτudu
)
e−θ cosh(θs)ds
=
(
Yτ −
∫ 1
0
Yτudu
)
e−θ sinh(θ)
θ
−
∫ 1
0
e−θ sinh(θs)
θ
dYτs
=
∫ 1
0
sdYτs × e
−θ sinh(θ)
θ
−
∫ 1
0
e−θ sinh(θs)
θ
dYτs ,✭✷✳✹✾✮
❉♦♥❝✱
✭✷✳✺✵✮
− 2h(θ +O(1))❈♦✈Q(G1, G(1)4 ) + h
∫ 1
0
sdYτs = −2h(θ +O(1))
(∫ 1
0
sdYτs
)(
1
2θ
− e
−2θ
2θ
)
+ h
∫ 1
0
sdYτs + 2h(θ +O(1))
∫ 1
0
e−θ sinh(θs)
θ
dYτs
✸✷ ✷✳ ❚❘❆■❚❊▼❊◆❚ ❉❯ ◆❖❨❆❯ ❉❊ ❚❘❆◆❙■❚■❖◆ ❊❚ ❉❊ ▲❆ ❋❖◆❈❚■❖◆ ❱❘❆■❙❊▼❇▲❆◆❈❊
= −
(∫ 1
0
sdYτs
)
×O
(
1
τ
)
+ 2h(θ +O(1))
∫ 1
0
e−θ sinh(θs)
θ
dYτs
❉♦♥❝✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ B
Y(n−1)τ:nτ
1 (θ)✱ ❧❡♠♠❡ ✷✳✾ ✱ ❧❡s éq✉❛t✐♦♥s ✭✷✳✹✽✮✱ ✭✷✳✹✾✮✱ ✭✷✳✺✵✮
✭▲❡s ♠ê♠❡s ❢♦r♠✉❧❡s s♦♥t ✈❛❧✐❞é❡s ❡♥ r❡♠♣❧❛ç❛♥t Y0:τ ♣❛r Y0:2τ ✮✱ ♥♦✉s ♦❜t❡♥♦♥s✿
|B1(Y0:τ , θ)−B2(Yτ :2τ , θ)|  1
τ
(hτ2M + hτV0,2τ +W0,2τ ) + 2hθ
(
Mτ + V0,2τ +W0,2τ
θ
)
 Mhτ + hV0,2τ + hW0,2τ .

▲❡♠♠❡ ✷✳✶✵✳ P♦✉r t♦✉t n ≥ 1✱ s✐ Y(n−1)τ :nτ ❛ ❧❛ ❧♦✐ ❞✬✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❡♥tr❡ (n− 1) τ
❡t nτ ✱ ❛❧♦rs A
Y(n−1)τ:nτ
1 (θ) ❡t B
Y(n−1)τ:nτ
1 (θ) s♦♥t ❞❡s ✈❛r✐❛❜❧❡s ❣❛✉s✐❡♥♥❡s✳
❉é♠♦♥str❛t✐♦♥✳ ❈♦♥s✐❞ér♦♥s AY0:τ1 (θ) ❡t B
Y0:τ
1 (θ)✳ ◆♦✉s ♦❜s❡r✈♦♥s q✉❡ ❝❡s ❞❡✉① t❡r♠❡s
♣❡✉✈❡♥t s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡ ✿
AY0:τ1 (θ) = h
∫ 1
0
(1− s) dYsτ + a3 (θ)λ3 (Y0:τ ) + a2 (θ)λ2 (Y0:τ ) + a1 (θ)λ1 (Y0:τ )✭✷✳✺✶✮
❖ù ✿ 
a1 (θ) , σ
2
1hθ
2
(
α
3
+
β
2
− a
)
+σ22hθ
2
(
b− γ
2
+
θ2αγ
2
σ21
(
α
3
+
β
2
− a
))
θ2αγ
2
σ21
a2 (θ) , −σ22hθ2
(
b− γ
2
+
θ2αγ
2
σ21
(
α
3
+
β
2
− a
))
a3 (θ) , −chθ2
❊t✱
BY0:τ1 (θ) = h
∫ 1
0
sdYsτ + b2 (θ)λ2 (Y0:τ ) + b1 (θ)λ1 (Y0:τ )✭✷✳✺✷✮
❖ù ✿ 
b1 (θ) , σ
2
1hθ
2
(
α
6
− β
2
)
+
+σ22hθ
2
(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))
θ2αγ
2
σ21
b2 (θ) , −σ22hθ2
(
γ
2
− θ
2αγ
2
σ21
(
−α
6
+
β
2
))
❊♥ ❛♣♣❧✐q✉❛♥t ❧❛ ❢♦r♠✉❧❡ ❞✬■tô✱ ♥♦✉s ❛✈♦♥s ✿∫ 1
0
Ysτds =
∫ 1
0
(1− s) dYsτ✭✷✳✺✸✮
∫ 1
0
Ysτe
−θsds =
∫ 1
0
(
e−θs − e−θ
θ
)
dYsτ✭✷✳✺✹✮
∫ 1
0
Ysτe
θsds =
∫ 1
0
(
eθ − eθs
θ
)
dYsτ✭✷✳✺✺✮
∫ 1
0
Ysτ cosh (θs) ds =
∫ 1
0
(
sinh (θ)− sinh (sθ)
θ
)
dYsτ✭✷✳✺✻✮
∫ 1
0
g1 (s) e
−θsds =
∫ 1
0
Ysτe
−θsds−
(∫ 1
0
Ysτds
)∫ 1
0
e−θsds✭✷✳✺✼✮
✷✳✷✳ ▲❆ ❋❖◆❈❚■❖◆ ❉❊ ❱❘❆■❙❊▼❇▲❆◆❈❊ ✸✸
=
∫ 1
0
(
e−θs − e−θ
θ
−
(
1− e−θ
θ
)
(1− s)
)
dYsτ
❉✬❛✉tr❡ ♣❛rt✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❞é✜♥✐t✐♦♥s (2.8) ❡t ❧❡s ❢♦r♠✉❧❡ (2.41)− (2.46)✱ (2.53)− (2.57)✱
λ1 (Y0:τ ) =
e−θ
α
∫ 1
0
g1 (s) cosh (θs) ds✭✷✳✺✽✮
=
e−θ
α
(∫ 1
0
Ysτ cosh (θs) ds−
∫ 1
0
Ysτds
∫ 1
0
cosh (θs) ds
)
=
e−θ
α
∫ 1
0
(
sinh (θ)− sinh (sθ)
θ
− sinh (θ)
θ
(1− s)
)
dYsτ
=
e−θ
αθ
∫ 1
0
(s sinh (θ)− sinh (θs)) dYsτ
λ2 (Y0:τ ) =
1
γ
❈♦✈Q(G3, G
(1)
4 )−
β
γ
λ1 (Y0:τ )
✭✷✳✺✾✮
=
1
γ
((
1 +
2
θ
+
2
θ2
)
❈♦✈(G1, G
(1)
4 )−
2
θ2
∫ 1
0
g1 (s) e
−θsds
)
− β
γα
❈♦✈Q(G1, G
(1)
4 )
=
1
γ
(
1 +
2
θ
+
2
θ2
− β
α
)
αλ1 (Y0:τ )− 2
γθ2
∫ 1
0
g1 (s) e
−θsds
=
∫ 1
0
(e−θ
γθ
(
1 +
2
θ
+
2
θ2
− β
α
)
(s sinh (θ)− sinh (θs))
− 2
γθ3
(
e−θs − e−θ − (1− e−θ) (1− s)))dYsτ
λ3 (Y0:τ ) =
1
c
((
1 +
1
θ
)
α− a
)
λ1 (Y0:τ )− b
c
λ2 (Y0:τ )− 1
cθ
∫ 1
0
g1 (s) e
−θsds✭✷✳✻✵✮
=
∫ 1
0
(e−θ
cθ
(
1 +
1
θ
− a
α
− b
γ
(
1 +
2
θ
+
2
θ2
− β
α
))
(s sinh (θ)− sinh (θs))
+
(
2b
γθ
− 1
)
1
cθ2
(
e−θs − e−θ − (1− e−θ) (1− s)))dYsτ
❉❛♥s ❧❡s ❢♦r♠✉❧❡s (2.51) , (2.52)✱ ♥♦✉s r❡♠♣❧❛ç♦♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ λ1 (Y0:τ ) , λ2 (Y0:τ ) , λ3 (Y0:τ ) ❞é✲
t❡r♠✐♥é❡s ♣❛r (2.58) , (2.59) , (2.60)✳ ◆♦✉s ♦❜t❡♥♦♥s q✉❡ AY0:τ1 (θ) ❡t B
Y0:τ
1 (θ) ♣❡✉✈❡♥t s✬é❝r✐r❡ s♦✉s
❧❛ ❢♦r♠❡ ❞✬✉♥❡ ✐♥té❣r❛❧❡ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞ét❡r♠✐♥é❡ ♣❛r r❛♣♣♦rt à dYsτ ✱ s♦✉s ❧✬✐♥t❡r✈❛❧❡ [0, 1]✱ ❝✬❡st
à ❞✐r❡ ✿
AY0:τ1 (θ) =
∫ 1
0
f1 (s, θ) dYsτ✭✷✳✻✶✮
BY0:τ1 (θ) =
∫ 1
0
f2 (s, θ) dYsτ✭✷✳✻✷✮
❉♦♥❝✱ q✉❛♥❞ Y0:τ ❛ ❧❛ ❧♦✐ ❞✬✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❡♥tr❡ 0 ❡t τ ✱ ❛❧♦rs A
Y0:τ
1 (θ) ❡t B
Y0:τ
1 (θ) s♦♥t
❞❡s ✈❛r✐❛❜❧❡s ❣❛✉s✐❡♥♥❡s✳ 
✷✳✷✳✷✳ ❊st✐♠❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳
✸✹ ✷✳ ❚❘❆■❚❊▼❊◆❚ ❉❯ ◆❖❨❆❯ ❉❊ ❚❘❆◆❙■❚■❖◆ ❊❚ ❉❊ ▲❆ ❋❖◆❈❚■❖◆ ❱❘❆■❙❊▼❇▲❆◆❈❊
▲❡♠♠❡ ✷✳✶✶✳ ◆♦✉s ✜①♦♥s Y ✱ ♣♦✉r t♦✉t n ≥ 1, ∀ (x, z) ∈ R2✱
ψ
(
Y(n−1)τ :nτ , x, z
) ≥ exp(−2M |x− z| − τM (M
2
+ 1
))
ψ̂(Y(n−1)τ :nτ , x, z)
ψ
(
Y(n−1)τ :nτ , x, z
) ≤ exp(2M |x− z|+ τM (M
2
+ 1
))
ψ̂(Y(n−1)τ :nτ , x, z)
❉é♠♦♥str❛t✐♦♥✳ ❉é✜♥✐ss♦♥s ❧❛ ❢♦♥❝t✐♦♥ F t❡❧❧❡ q✉❡ ✿
F ′ (x) = f (x) , ∀x ∈ R
P❛r ❧❛ ❢♦r♠✉❧❡ ❞✬■tô✱ ♥♦✉s ❛✈♦♥s ✿
F (Xnτ ) = F
(
X(n−1)τ
)
+
∫ nτ
(n−1)τ
f (Xs) dVˆs +
1
2
∫ nτ
(n−1)τ
f ′ (Xs) ds
❉♦♥❝✱
dP
dPˆ
|F[(n−1)τ:nτ] = exp
(
F (Xnτ )− F
(
X(n−1)τ
)
+ h
∫ nτ
(n−1)τ
XsdYs
− 1
2
∫ nτ
(n−1)τ
(
f ′ (Xs) + f2 (Xs) + h2X2s
)
ds
)
◆♦✉s ♣♦✉✈♦♥s ❡♥❝❛❞r❡r ✿
dP
dPˆ
|F[(n−1)τ:nτ] ≥ exp
(
−M |Xnτ −X(n−1)τ | − τM (M + 1)
2
)
ψ̂(Y(n−1)τ :nτ , X(n−1)τ , Xnτ )
❊t✱
dP
dPˆ
|F[(n−1)τ:nτ] ≤ exp
(
M |Xnτ −X(n−1)τ |+ τM
2
)
ψ̂(Y(n−1)τ :nτ , X(n−1)τ , Xnτ )
◆♦✉s ♦❜t❡♥♦♥s ❞♦♥❝ ✿
EPˆ
(
dP
dPˆ
|F[(n−1)τ:nτ]
∣∣∣∣X(n−1)τ = x,Xnτ = z) ≤ exp(M |z − x|+ τM2
)
EPˆ
(
dP
dPˆ
|F[(n−1)τ:nτ]
∣∣∣∣X(n−1)τ = x,Xnτ = z) ≥ exp(−M |z − x| − τM (M + 1)2
)✭✷✳✻✸✮
❊t✱
✭✷✳✻✹✮ EPˆ
(
dP
dPˆ
|F[(n−1)τ:nτ]
∣∣∣∣X(n−1)τ = x,Xnτ = z, Y(n−1)τ :nτ)
≤ exp
(
M |z − x|+ τM
2
)
ψ̂(Y(n−1)τ :nτ , x, z)
✭✷✳✻✺✮ EPˆ
(
dP
dPˆ
|F[(n−1)τ:nτ]
∣∣∣∣X(n−1)τ = x,Xnτ = z, Y(n−1)τ :nτ)
≥ exp
(
−M |z − x| − τM (M + 1)
2
)
ψ̂(Y(n−1)τ :nτ , x, z)
❉♦♥❝✱ ❝❡ ❧❡♠♠❡ ❡st ❜✐❡♥ ♦❜t❡♥✉ ❣râ❝❡ ❛✉① (1.6)✱ (2.63)− (2.65)✳ 
❊♥ ✉t✐❧✐s❛♥t ❧❡s ❢♦r♠✉❧❡s (2.16) ❡t (2.38)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✷✳✷✳ ▲❆ ❋❖◆❈❚■❖◆ ❉❊ ❱❘❆■❙❊▼❇▲❆◆❈❊ ✸✺
Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❋✐①♦♥s Y ✱ ♣♦✉r t♦✉t n ≥ 1, ∀ (x, z) ∈ R2✱
ψ
(
Y(n−1)τ :nτ , x, z
) ≥ σ1σ2 exp(−τM (M
2
+ 1
)
− 2M |x− z| −A2 (θ)x2 −B2 (θ) z2
+C1 (θ)xz +A
Y(n−1)τ:nτ
1 (θ)x+B
Y(n−1)τ:nτ
1 (θ) z + C
Y(n−1)τ:nτ
0 (θ)
)
ψ
(
Y(n−1)τ :nτ , x, z
) ≤ σ1σ2 exp(τM (M
2
+ 1
)
+ 2M |x− z| −A2 (θ)x2 −B2 (θ) z2
+C1 (θ)xz +A
Y(n−1)τ:nτ
1 (θ)x+B
Y(n−1)τ:nτ
1 (θ) z + C
Y(n−1)τ:nτ
0 (θ)
)

❈❍❆P■❚❘❊ ✸
▲✬❛♣♣r♦①✐♠❛t✐♦♥ r♦❜✉st❡ ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧
▲❛ st❛❜✐❧✐té ❥♦✉❡ ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❡♥ ét✉❞✐❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛rt✐❝✉❧❛✐r❡ ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧✳
❖♥ r❡♠❛rq✉❡ q✉❡ s❛♥s st❛❜✐❧✐té✱ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ πnτ ♥❡ ♣❡✉t ♣❛s êtr❡ ❛♣♣r♦①✐♠é ✉♥✐❢♦r♠é♠❡♥t ❡♥
t❡♠♣s ♣❛r ✉♥ s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡ ♣❛r❝❡ q✉❡ ❧❛ ❜♦r♥❡ s✉r ❧✬❡rr❡✉r q✉✐ ❛♣♣❛r❛ît q✉❛♥t ♦♥ ✉t✐❧✐s❡ ❧❡s
❛♣♣r♦①✐♠❛t✐♦♥s ♣❛rt✐❝✉❧❛✐r❡s ❝r♦ît ❧✐♥é❛✐r❡♠❡♥t ❡♥ t❡♠♣s✳ ▲❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ ❡st ❞✐✣❝✐❧❡
❞✬♦❜t❡♥✐r ❞✐r❡❝t❡♠❡♥t✳ P♦✉r s✉r♠♦♥t❡r ❝❡tt❡ ❞✐✣❝✉❧té✱ ♥♦✉s ❛❧❧♦♥s ❝♦♥str✉✐r❡ ✉♥ ✜❧tr❡ r♦❜✉st❡
π△nτ ✭ ❞é♣❡♥❞❛♥t ❞❡ ♣❛r❛♠ètr❡ △ ∈ R∗+✮ q✉✐ s❛t✐s❢❛✐t à ❧❛ ❢♦✐s ✉♥ r❛♣♣r♦❝❤❡♠❡♥t ✉♥✐❢♦r♠é♠❡♥t ❡♥
t❡♠♣s ❞❡ πnτ ❡t ❞✬❛✈♦✐r ❧❛ ♣r♦♣r✐été ❞❡ st❛❜✐❧✐té✳ ▲❛ st❛❜✐❧✐té ❞❡ π△nτ ♥♦✉s ♣❡r♠❡t ❞❡ ♠♦♥tr❡r q✉❡
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s ❞❡ π△nτ ❡st ✉♥ ✜❧tr❡ ♣❛rt✐❝✉❧❛✐r❡ ♥♦té π
△,N
nτ ✱ ♦ù N ❡st ❧❡
♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡✳ ❉♦♥❝✱ ❣râ❝❡ à ✉♥ t❡❧ ✜❧tr❡ r♦❜✉st❡ q✉❡ ♥♦✉s ♣♦✉rr✐♦♥s ❛✈♦✐r✱ ❧❛ st❛❜✐❧✐té ❡t
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛rt✐❝✉❧❛✐r❡ π△,Nnτ ♣♦✉r πnτ ✳ ▲❛ ❧✐ttér❛t✉r❡ ❞✉ ✜❧tr❛❣❡ ♥♦♥✲❧✐♥ér❛✐r❡ ♥♦✉s ♠♦♥tr❡
q✉❡ t♦✉t ✈❛ ❜✐❡♥ s✉r ✉♥ ❡s♣❛❝❡ ❝♦♠♣❛❝t✭ ✈♦✐r ❆t❛r ❡t ❛❧✳ ❬❆❱❖✾✾❪✱ ❉❡❧ ▼♦r❛❧ ❡t ●✉✐♦♥♥❡t ❬▼●✵✶❪✱
❇✉❞❤✐r❛❥❛ ❡t ❖❝♦♥❡ ❬❇❉✾✼❪✮✳ ❉♦♥❝✱ ✐❧ ❢❛✉❞r❛✐t ❝♦♥str✉✐r❡ ❧❡ ✜❧tr❡ r♦❜✉st❡ ❡♥ r❡str❡✐❣♥❛♥t ❧❡ ✜❧tr❡
♦♣t✐♠❛❧ s✉r ✉♥ ❝♦♠♣❛❝t q✉✐ ❞é♣❡♥❞ ❞❡ ♣❛r❛♠ètr❡ △✳ ▲✬✐❞é❡ ❡st ❝♦♠♠❡ ❝❡❧❧❡ ❞❡ ✓ ❖✉❞❥❛♥❡ ❡t
❘✉❜❡♥t❤❛❧❡r ✔ ✭✈♦✐r ❬❖❘✵✺❪✮✱ ♥♦✉s tr♦♥q✉♦♥s ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ψnτ ♣❛r ✉♥ ❝♦♠♣❛❝t
✭q✉✐ ✈❛ êtr❡ ❞é✜♥✐ ❞❛♥s ❧❛ s✉✐t❡✮✳ ❈❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré à ❞ét❡r♠✐♥❡r ❧❡ ✜❧tr❡ r♦❜✉st❡ ❛✈❡❝ s❡s
♣r♦♣r✐étés ❡t à ét❛❜❧✐r s❛ st❛❜✐❧✐té✳
✸✳✶✳ ❉❡s❝r✐♣t✐♦♥ ❞✉ ✜❧tr❡ r♦s❜✉st❡
◆♦t♦♥s ✿
✭✸✳✶✮ κ =
 A2 (θ) −C1 (θ)2
−C1 (θ)
2
B2 (θ)
 .
❈❡tt❡ ♠❛tr✐❝❡ ♣❡✉t êtr❡ ❞é❝♦♠♣♦sé❡ s♦✉s ❢♦r♠❡ ✿
✭✸✳✷✮ κ = PT
[
A2 (θ) 0
0 B2 (θ)
]
P .
❖ù ✿
✭✸✳✸✮ P =
[
p1,1 0
p2,1 p2,2
]
=
 (1− C21 (θ)4A2(θ)B2(θ))1/2 0
− C1(θ)2B2(θ) 1
 ,
❊t✱
P−1 =
[
1
p1,1
0
− p2,1p2,2p1,1 1p2,2
]
.
❉♦ré♥❛✈❛♥t✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s ♣❛r❛♠ètr❡s τ, h s♦♥t s❛t✐s❢❛✐t❡s✱ ❛✈❡❝ ι ∈ (1
2
, 1)✳
❍②♣♦t❤ès❡ ✷✳ ❋✐①♦♥s ι ∈ (1
2
, 1)✱ ♦♥ s✉♣♣♦s❡
✭✸✳✹✮ B2 (θ) ≥ h
4
,
1− 2p2,1
1 + p2,1
− 2B2 (θ) p2,1θ1−ι > 0 , p1,1 > 0 , p2,1 ≤ 1
2
.
✸✼
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❈❡tt❡ ❤②♣❤♦t❤ès❡ ❡st ♣♦ss✐❜❧❡ ❞✬❛rr✐✈❡r ♣❛r❝❡ q✉✬à ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✷✳✺✱ ♥♦✉s ❛✈♦♥s✿ B2 (θ) p2,1 −→
θ→+∞
0✱ p2,2 −→
θ→+∞
1✱ p1,1 −→
θ→+∞
1 ✳
❙♦✐t △ > 0✱ ♣♦✉r t♦✉t τ > 0✱ ♣♦✉r t♦✉t k ≥ 0 ❡t ♣♦✉r t♦✉t b✱ ❞é✜♥✐ss♦♥s ❧❡s ❝♦♠♣❛❝ts ✿
✭✸✳✺✮ C(∆, b) = {z : |2B2 (θ) (1 + p2,1)z − b| ≤ ∆} ,
Ck+1(∆) = C(∆, B
Ykτ:(k+1)τ
1 (θ)) ,
❊t✱
✭✸✳✻✮ m(b) =
b
2B2 (θ) (1 + p2,1)
,
mk+1 = m(B
Ykτ:(k+1)τ
1 (θ)) .
◆♦✉s s✉♣♣♦s♦♥s q✉❡ m0 ❡st ✉♥ ♣♦✐♥t ❞❛♥s ❧❡ s✉♣♣♦rt ❞❡ π0 ❡t ♣♦s♦♥s ✿
C0(∆) =
[
m0 − ∆
2B2 (θ) (1 + p2,1)
, m0 +
∆
2B2 (θ) (1 + p2,1)
]
.
❆ ♣❛rt✐r ❞❡ ❧✬❤②♣♦t❤ès❡ ✷ ❡t ❞✉ ❧❡♠♠❡ ✷✳✽✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❡❧❧❡ C t❡❧❧❡ q✉❡ ✿
✭✸✳✼✮ |mk −mk−1| ≤
{
C(Mτ + V(k−2)τ,kτ +W(k−2)τ,kτ ) ✐❢ k ≥ 2 ,
m0 + C(Mτ + V0,τ +W0,τ ) ✐❢ k = 1 .
◆♦t♦♥s ✿
✭✸✳✽✮ d(∆) =
∆(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι∆− 4M,
◗✉❛♥❞ ∆ ❡st ❛ss❡③ ❣r❛♥❞✱ ❧❛ ❢♦♥❝t✐♦♥ d(∆) ❡st ♣♦s✐t✐✈❡✳
❉é✜♥✐ss♦♥s✿
✭✸✳✾✮ T (∆) =
24Ch
√
τ exp
(
− 12
(
θ1−ι∆
6C
√
2τ
)2)
θ1−ι∆
√
π
+
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
× σ1σ2p1,1 8B2e
49
2 M
2τ+ τM2 (3M+7)+4|M2(1,−1)κ−1(1,−1)T |
d(∆)
exp
(
− 1
4B2
d(∆)2
)
❍②♣♦t❤ès❡ ✸✳ ❙✉♣♣♦s♦♥s q✉❡ ❧❡ s✉♣♣♦rt ❞❡ π0 ❡st ❝♦♠♣❛❝t ❡t q✉❡ m0 ❡st ❝❤♦✐s✐ t❡❧q✉❡ ✿
π0(C0(∆)
∁)  T (∆) ,
P♦✉r t♦✉t △ ❛ss❡③ ❣r❛♥❞✳
P♦✉r t♦✉s k ≥ 1, τ > 0✱ ♣♦✉r t♦✉s x ❡t x′ ❞❛♥s R✱ ❞é✜♥✐ss♦♥s ✿
✭✸✳✶✵✮ ψ∆k (x, x
′) = ψkτ (x, x′)✶Ck(∆)(x
′) ,
❊t✱
✭✸✳✶✶✮ Dk = |mk −mk−1| ,
P♦✉r t♦✉t D ≥ 0✱
✭✸✳✶✷✮
ξ1(D,∆) =
1√
2πτ
exp
−
(
D + ∆B2(1+p2,1)
)2
2τ
 exp(−M (D + ∆
B2(1 + p2,1)
)
− τM (M + 1)
2
)
,
✭✸✳✶✸✮
ξ2(D,∆) =
1√
2πτ
exp
−
((
D − ∆B2(1+p2,1)
)
+
)2
2τ
 exp
(
M
(
D +
∆
B2(1 + p2,1)
)
+
τM
2
)
,
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❖♥ ❞é✜♥✐t ✿
✭✸✳✶✹✮ R∆k+1(x, dx
′) =
{
ψ∆k+1(x, x
′)Q(x, dx′) s✐ x ∈ Ck(∆) ,
ψ∆k+1(x, x
′)ξ1(Dk+1,∆)dx′ s✐ x /∈ Ck(∆) .
▲❡ ✜❧tr❡ r♦❜✉st❡
(
π△nτ
)
n≥0 ❡st ❞é✜♥✐ ♣❛r ✿
✭✸✳✶✺✮
{
π∆0 = π0
π∆kτ = R
∆
k ◦R
∆
k−1 ◦ · · · ◦R
∆
1 (π0) ♣♦✉r t♦✉t k ≥ 1 .
✸✳✷✳ ▲❛ ♥♦✉✈❡❧❧❡ r❡♣rés❡♥t❛t✐♦♥ ♣♦✉r ❧❡ ✜❧tr❡ r♦❜✉st❡
❆✉ ❝❤❛♣✐tr❡ 2, ❞❛♥s ❧❛ s✉❜s❡❝t✐♦♥ ✶✳✷✳✸✱ ♥♦✉s ❛✈♦♥s ✐♥❞✐q✉é q✉❡ s✬✐❧ ❡①✐st❡ ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈
❛✈❡❝ ✉♥ ♥♦②❛✉ ♠é❧❛♥❣❡❛♥t t❡❧❧❡ q✉❡ ❧❛ ❢♦r♠✉❧❡ (1.3) ❡st ✈ér✐✜é❡✱ ❛❧♦rs ♥♦✉s ♣♦✉✈♦♥s ♦❜t❡♥✐r ❧❛
st❛❜✐❧✐té ♣♦✉r ❧❡ ✜❧tr❡ ✭❣râ❝❡ à ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✶✮✳ ❈❡tt❡ s❡❝t✐♦♥ ❛ ❞♦♥❝ ♣♦✉r ❜✉t ❞❡ ❝♦♥str✉✐r❡ ✉♥❡
❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♠é❧❛♥❣❡❛♥t t❡❧❧❡ q✉❡ ♥♦tr❡ ✜❧tr❡ r♦❜✉st❡ ✈ér✐✜❡ ❧❛ ❢♦r♠✉❧❡ (1.3)✳
✸✳✷✳✶✳ ▲❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈✳ ❋✐①♦♥s Y ✳ P♦✉r t♦✉s x = (x1, x2) , x′ =
(x′1, x
′
2) ∈ R2, k ❡t n ❞❛♥s N∗ ✱ n ≥ k✱ ❞é✜♥✐ss♦♥s ✿
✭✸✳✶✻✮
∀k ≥ 2, R˜∆k (x, dx′) =
{
✶Ck−1(∆)(x
′
1)ψ
∆
k (x
′)Q˜2(x, dx′) s✐ x2 ∈ Ck−2(∆)
✶Ck−1(∆)(x
′
1)ψ
∆
k (x
′)ξ1(Dk−1,∆)Q (x′1, x
′
2) dx
′
1dx
′
2 s✐♥♦♥
ψ∆2n|2k(x) =
{
R˜∆2n ◦ R˜∆2n−2 ◦ · · · ◦ R˜∆2k+2(x,R2) s✐ k ≤ n− 1 ,
1 s✐ k = n ,
S∆2n|2k(x, dx
′) =

ψ∆2n|2k+2(x
′)
ψ∆2n|2k(x)
R˜∆2k+2(x, dx
′) s✐ k ≤ n− 1 ,
dx′ s✐ k = n− 1 .
❈✐✲❞❡ss✉s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s ✉t✐❧✐sé❡s ❞❛♥s ❬▼●✵✶❪✳ Q ❛ ❧❛ ❞❡♥s✐té ♣❛r r❛♣♣♦rt
à ✉♥❡ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ s✉r R✱ ❞♦♥❝ S∆2n|2k(x, dx
′) ❛ ❧❛ ❞❡♥s✐té ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ❞❡
▲❡s❜❡❣✉❡ s✉r R2✳ ◆♦t♦♥s ❝❡tt❡ ❞❡♥s✐té ♣❛r ✿ (x, x′) ∈ R2 7→ S∆2n|2k(x, x′)✳ ◆♦✉s ❞é✜♥✐ss♦♥s ψ∆,p2n|2k(x)
❡t S∆,p2n|2k(x, dx
′) ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ❞❡ ❞é✜♥✐r ψ∆2n|2k(x) ❡t S
∆
2n|2k(x, dx
′) s❛✉❢ q✉✬♦♥ r❡♠♣❧❛❝❡
ψ∆n ♣❛r 1✳ ◆♦t♦♥s ❛✉ss✐ (x, x
′) ∈ R2 7→ S∆,p2n|2k(x, x′) ❧❛ ❞❡♥s✐té ❞❡ S∆,p2n|2k(x, dx′) ✳
▲❡♠♠❡ ✸✳✶✳ ❋✐①♦♥s n, k ∈ N✱ ♣♦✉r t♦✉t❡s x = (x1, x2) , x′ = (x′1, x′2) ∈ R2, n ≥ k ≥ 0✳ ◆♦✉s
s❛✈♦♥s q✉❡ S△2n|2k (x1, x2, x
′
1, x
′
2) ❡t S
△,p
2n|2k (x1, x2, x
′
1, x
′
2) ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞❡ x1✳
❉é♠♦♥str❛t✐♦♥✳ ❆ ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✶✳✹✱ ♥♦✉s ❛✈♦♥s ✿
Q˜2 ((x1, x2) , d (x
′
1, x
′
2)) =
∫
(y1,y2)
Q˜ (x1, x2, dy1, dy2) Q˜ (y1, y2, dx
′
1, dx
′
2)✭✸✳✶✼✮
=
∫
(y1,y2)
Q (y1, dy2) δx2 (dy1)Q (x
′
1, dx
′
2) δy2 (dx
′
1)
= Q (x′1, dx
′
2)
∫
y2
(∫
y1
Q (y1, dy2) δx2 (dy1)
)
δy2 (dx
′
1)
= Q (x′1, dx
′
2)
∫
y2
Q (x2, dy2) δy2 (dx
′
1)
❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st f ✱ ♥♦✉s ❛✈♦♥s ✿∫
y2
Q (x2, dy2) δy2 (f) =
∫
x′1
f (x′1)
∫
y2
Q (x2, dy2) δy2 (dx
′
1)
=
∫
y2
f (y2)Q (x2, dy2)
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= Q (x2, f)
❆✉tr❡♠❡♥t ❞✐t✱ ∫
y2
Q (x2, dy2) δy2 (dx
′
1) = Q (x2, dx
′
1)✭✸✳✶✽✮
❊♥ ❝♦♠❜✐♥❛♥t (3.17)❡t (3.18)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
Q˜2 ((x1, x2) , d (x
′
1, x
′
2)) = Q (x
′
1, dx
′
2)Q (x2, dx
′
1)✭✸✳✶✾✮
❉✬❛✉tr❡ ♣❛rt✱ ♥♦✉s ❛✈♦♥s ✿
ψ△2n|2k (x1, x2) = R˜
△
2n ◦ R˜△2(n−1) ◦ . . . ◦ R˜△2k+2
(
x,R2
)
✭✸✳✷✵✮
=
∫
y∈R2
R˜△2n ◦ R˜△2(n−1) ◦ . . . ◦ R˜△2k+2 (x, dy)
=
∫
y∈R2
∫
x′∈R2
R˜△2k+2 (x, dx
′) R˜△2n ◦R△2(n−1) ◦ . . . ◦ R˜△2k+4 (x′, dy)
=
∫
x′∈R2
R˜△2k+2 (x, dx
′)
∫
y∈R2
R˜△2n ◦ R˜△2(n−1) ◦ . . . ◦ R˜△2k+4 (x′, dy)
=
∫
x′∈R2
ψ△2nτ |2k+2 (x
′) R˜△2k+2 (x, dx
′)
❊♥ ✉t✐❧✐s❛♥t (3.19) ❡t ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ R˜△k ✱ ♥♦✉s s❛✈♦♥s q✉❡ R˜
△
2k+2 (x1, x2, dx
′
1, dx
′
2) ♥❡ ❞é♣❡♥❞
♣❛s ❞❡ x1✳ ❉♦♥❝✱ ❧❛ ❢♦r♠✉❧❡ (3.20) ♥♦✉s ❝♦♥✜r♠❡ q✉❡ ψ
△
2n|2k (x1, x2) ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ x2✱ ♥♦✉s
♦❜t❡♥♦♥s t♦✉t ❞❡ s✉✐t❡ ❧❡ ❢❛✐t q✉❡ S△2n|2k (x1, x2, x
′
1, x
′
2) ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ x2, x
′
1, x
′
2✳ 
P♦✉r t♦✉t D > 0✱ ♣♦s♦♥s ✿
✭✸✳✷✶✮ ǫ(D,∆) =
√
ξ1(D,∆)
ξ2(D,∆)
,
P♦✉r t♦✉t k ❞❛♥s N ✱ ♥♦t♦♥s ✿
ǫk = ǫ(Dk,∆) .
▲❡ ❧❡♠♠❡ ❝✐✲❞❡ss♦✉s ♥♦✉s ❞♦♥♥❡ ❞❡ ♣❧✉s ❞❡s ♣r♦♣r✐étés s✉r ❧❡s ♥♦②❛✉① S△2n|2k ❡t S
△,p
2n|2k✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ❝❡s ♥♦②❛✉① s♦♥t ❞❡s ♦♣ér❛t❡✉rs ▼❛r❦♦✈✐❡♥s ❡t ❝♦♥tr❛❝t❛♥ts s♦✉s ❧❛ ♥♦r♠❡ ✈❛r✐❛t✐♦♥
t♦t❛❧❡✳
▲❡♠♠❡ ✸✳✷✳ P♦✉r t♦✉t k ≤ n−1✱ ❧❡ ♥♦②❛✉ S△2n|2k ❡st ♠❛r❦♦✈✐❡♥ ❡t ❡st ❝♦♥tr❛❝t❛♥t ❛✈❡❝ ❧❡ t❛✉①
❞❡ ❝♦♥tr❛❝t✐♦♥ q✉✐ ❡st
(
1− ǫ22k+1
)
s♦✉s ❧❛ ♥♦r♠❡ ✈❛r✐❛t✐♦♥ t♦t❛❧❡✳ ▲❡ ♥♦②❛✉ S△,p2n|2k ❡st ♠❛r❦♦✈✐❡♥
❡t ❡st ❝♦♥tr❛❝t❛♥t ❛✈❡❝ ❧❡ t❛✉① ❞❡ ❝♦♥tr❛❝t✐♦♥ q✉✐ ❡st
(
1− ǫ22k+1
)
s♦✉s ❧❛ ♥♦r♠❡ ✈❛r✐❛t✐♦♥ t♦t❛❧❡✳
❉é♠♦♥str❛t✐♦♥✳ ❖♥ ✈❛ é❝r✐r❡ ❧❛ ❞é♠♦♥str❛t✐♦♥ ♣♦✉r S△2n|2k ❡t ❡♥ ❢❛✐s❛♥t ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡
♥♦✉s ♦❜t❡♥♦♥s ❧❛ ❞é♠♦♥str❛t✐♦♥ ♣♦✉r S△,p2n|2k ✳ P♦✉r t♦✉t❡ ♠❡s✉r❡ ♣r♦❜❛❜✐❧✐té µ s✉r R
2✱ ❛✐♥s✐ q✉❡
♣♦✉r t♦✉t k ≤ n− 1✱∫
R2×R2
µ(dx)S∆2n|2k(x, dx
′) =
∫
R2×R2
µ(dx)
ψ∆2n|2k+2(x
′)
ψ∆2n|2k(x)
R˜∆2k+2(x, dx
′)
=
∫
R2×R2
µ(dx)
R˜∆2n ◦ · · · ◦ R˜∆2k+4(x′,R2)
R˜∆2n ◦ · · · ◦ R˜∆2k+2(x,R2)
R˜∆2k+2(x, dx
′)
Fubini
=
∫
R2
µ(dx)
∫
R2
R˜∆2n ◦ · · · ◦ R˜∆2k+4(x′,R2)R˜∆2k+2(x, dx′)
R˜∆2n ◦ · · · ◦ R˜∆2k+2(x,R2)
=
∫
R2
µ(dx) = 1 .
✸✳✷✳ ▲❆ ◆❖❯❱❊▲▲❊ ❘❊P❘➱❙❊◆❚❆❚■❖◆ P❖❯❘ ▲❊ ❋■▲❚❘❊ ❘❖❇❯❙❚❊ ✹✶
S△2n|2k ❡st ✉♥ ♦♣ér❛t❡✉r ♠❛r❦♦✈✐❡♥✳
P♦✉r t♦✉t k ≥ 1 ❡t ♣♦✉r t♦✉s x1✱ x2 ❞❛♥s R✳ ◆♦t♦♥s ✿
λk(dx1, dx2) = ✶Ck−1(∆)(x1)✶Ck(∆)(x2)ψk(x1, x2)Q (x1, x2) dx1dx2
❆ ♣❛rt✐r ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✱ ♣♦✉r t♦✉s x1 ∈ Ck−2 (∆)✱ x2 ∈ Ck−1 (∆)✱ ♥♦✉s ❛✈♦♥s ✿
ξ1(Dk−1,∆) ≤ Q (x1, x2) ≤ ξ2(Dk−1,∆)
❉♦♥❝✱ à ♣❛rt✐r ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ (3.16)✱ ♣♦✉r t♦✉s x1✱ x2✱ z1✱ z2 ❞❛♥s R ❡t k ≥ 2✱ ♥♦✉s ❛✈♦♥s ✿
ξ1(Dk−1,∆)λk(dz1, dz2) ≤ R˜∆k (x1, x2, dz1, dz2) ≤ ξ2(Dk−1,∆)λk(dz1, dz2) .
❊♥ ♥♦t❛♥t q✉❡ ♣♦✉r t♦✉t k ≤ n − 1✱ ψ∆2n|2k(x) =
∫
R2×R2(R˜
∆
2n . . . R˜
∆
2k+4)(y, dz)R˜
∆
2k+2(x, dy)✱ ♥♦✉s
♦❜t❡♥♦♥s ✿
ψ∆2n|2k(x) ≤
∫
R2×R2
(R˜∆2n . . . R˜
∆
2k+4)(y, dz)ξ2(D2k+1,∆)λ2k+2(dy) ,
❉♦♥❝✱ ❡♥ r❡♠❛rq✉❛♥t q✉❡ ♣♦✉r t♦✉t k ≤ n − 1✱ S∆2n|2k(x, dx′) =
ψ∆2n|2k+2(x
′)
ψ∆2n|2k(x)
R˜∆2k+2(x, dx
′)✱ ♦♥
♦❜t✐❡♥t ✿
✭✸✳✷✷✮ S∆2n|2k(x, dx
′) ≥ ξ1(D2k+1,∆)
ξ2(D2k+1,∆)
× R˜
∆
2n:2k+4(x
′,R2)λ2k+2(dx′)∫
R2
R˜∆2n:2k+4(y,R
2)λ2k+2(dy)
.
❊♥ ❢❛✐s❛♥t s✐♠✐❧❛✐r❡♠❡♥t✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✭✸✳✷✸✮ S∆2n|2k(x, dx
′) ≤ ξ2(D2k+1,∆)
ξ1(D2k+1,∆)
× R˜
∆
2n:2k+4(x
′,R2)λ2k+2(dx′)∫
R2
R˜∆2n:2k+4(y,R
2)λ2k+2(dy)
.
▲❡s ✐♥é❣❛❧✐tés (3.22) ❡t (3.23) ♥♦✉s ❝♦♥✜r♠❡♥t q✉❡ S∆2n|2k ❡st ✉♥ ♥♦②❛✉ ♠é❧❛♥❣❡❛♥t ❞❡ ❝♦❡✣❝✐❡♥t
❞❡ ♠é❧❛♥❣❡ ǫ22k+1✳ ❉♦♥❝✱ à ♣❛rt✐r ❞❡ ❬❖❘✵✺❪✱ ♣❛❣❡ 430 ✭❡t ❞❡ ❬▼●✵✶❪✮✱ ♥♦✉s ♦❜t❡♥♦♥s q✉❡ S
∆
2n|2k
❡st ❝♦♥tr❛❝t❛♥t❡ ❛✈❡❝ ❧❡ t❛✉① ❞❡ ❝♦♥tr❛❝t✐♦♥ q✉✐ ❡st
(
1− ǫ22k+1
)
s♦✉s ❧❛ ♥♦r♠❡ ✈❛r✐❛t✐♦♥ t♦t❛❧❡✳ 
◆♦t♦♥s Z0 =
(
0, Z
(2)
0
)
✱ ♦ù Z(2)0 ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡✳ ❉é✜♥✐ss♦♥s
(
Z2k =
(
Z
(1)
2k , Z
(2)
2k
))
0≤k≤n
✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♥♦♥✲❤♦♠♦❣è♥❡ ❛✈❡❝ ❧❡s ♥♦②❛✉① ❞❡ tr❛♥s✐t✐♦♥ S∆2n|0✱ S
∆
2n|2✱ ✳ ✳ ✳ ✱ i.e, ❧❛ ❧♦✐ ❞❡
Z2k s❛❝❤❛♥t ❧❛ ❧♦✐ ❞❡ Z2k−2 ❡st S∆2n|2k−2 (Z2k−2, .)✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧❡ s✉♣♣♦rt ❞❡ Z
(2)
0 ❡st ✉♥
s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ C0 (∆) ❡t ♥♦t♦♥s q✉❡ Z
(1)
2k ♣r❡♥❞ ✈❛❧❡✉r ❞❛♥s C2k−1 (∆) ❡t Z
(2)
2k ♣r❡♥❞ ✈❛❧❡✉r
❞❛♥s C2k (∆)✳
❉é✜♥✐ss♦♥s ❡♥ ♣❧✉s
(
Z
(p)
2k =
(
Z
(p)(1)
2k , Z
(p)(2)
2k
))
0≤k≤n
✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♥♦♥✲❤♦♠♦❣è♥❡ ❛✈❡❝
Z
(p)
0 = Z0 ❡t ❧❡s ♥♦②❛✉① ❞❡ tr❛♥s✐t✐♦♥ S
∆,(p)
2n|0 ✱ S
∆,(p)
2n|2 ✱ ✳ ✳ ✳ ✱ S
∆,(p)
2n|2n−2✳ P♦s♦♥s ✿ U2k+1 =
(
Z
(2)
2k , Z
(1)
2k+2
)
♣♦✉r t♦✉t k ∈ {0, 1, . . . , n − 1} ❡t U (1)2n+1 = Z(2)2n ✳ P♦s♦♥s✿ U (p)2k+1 = (Z(p)(2)2k , Z(p)(1)2k+2 ) ♣♦✉r
k ∈ {0, 1, 2, . . . , n− 1}✳ ❈❡s ♥♦✉✈❡❧❧❡s s✉✐t❡s ❢♦r♠❡♥t ❞❡s ♥♦✉✈❡❧❧❡s ❝❤❛î♥❡s ❞❡ ▼❛r❦♦✈✳
▲❡♠♠❡ ✸✳✸✳ ▲❛ s✉✐t❡ (U1, U3, . . . , U2n−1, U
(1)
2n+1) ❡st ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♥♦♥✲❤♦♠♦❣è♥❡✳ ▲❛
s✉✐t❡ (U
(p)
1 , U
(p)
2 , . . . , U
(p)
2n−1) ❡st ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ♥♦♥✲❤♦♠♦❣è♥❡✳
❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r ❧❛ ♣r♦♣r✐été ♠❛r❦♦✈✐❡♥♥❡ ♣♦✉r ❧❛ s✉✐t❡ U1✱. . . ,U2n−1, U
(1)
2n+1
❡t ♥♦✉s ❢❛✐s♦♥s ♣❛r❡✐❧❧❡♠❡♥t ♣♦✉r ❧❛ s✉✐t❡ U (p)1 ✱ U
(p)
3 ✱. . . , U
(p)
2n−1✳ Pr❡♥♦♥s ✉♥❡ ❢♦♥❝t✐♦♥ t❡st ϕ ❞❛♥s
C+b (R2)✳ P♦✉r t♦✉t k ∈ {1, . . . , n− 1}✱ ❡t ♣♦✉r t♦✉s z(2)0 , z(1)2 , ..., z(1)2k ❞❛♥s R✱ ♥♦✉s ❛✈♦♥s✿
E(ϕ(U2k+1)|U1 = (z(2)0 , z(1)2 ), . . . , U2k−1 = (z(2)2k−2, z(1)2k )) =
E(ϕ(Z
(2)
2k , Z
(1)
2k+2)|Z(2)0 = z(2)0 , . . . , Z(2)2k−2 = z(2)2k−2, Z(1)2k = z(1)2k )
❙❡❧♦♥ ❧❡ ❧❡♠♠❡ ✸✳✶✱ S△2n|2k ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ♣r❡♠✐èr❡ ❝♦♠♣♦s❛♥t❡✱ ♦♥ ♣❡✉t ♥♦t❡r ✿
✹✷ ✸✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❘❖❇❯❙❚❊ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
θϕ
(
z
(2)
2k−2, z
(1)
2k
)
,
1∫
R
S△2n|2k−2
(
z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k , z
(2)
2k
)
dz
(2)
2k
∫
R2
ϕ
(
z
(2)
2k , z
(1)
2k+2
)
S△2n|2k−2
(
z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k , z
(2)
2k
)(∫
R
S△2n|2k
(
z
(1)
2k , z
(2)
2k , z
(1)
2k+2, z
(2)
2k+2
)
dz
(2)
2k+2
)
dz
(2)
2k dz
(1)
2k+2
❖♥ ♦❜t✐❡♥t ❞♦♥❝ ✭ ✈♦✐r ❧❛ ♣r❡✉✈❡ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❆✳✶✮ ✿
E
(
ϕ (U2k+1) | U1 = (z(2)0 , z(1)2 ), . . . , U2k−1 = (z(2)2k−2, z(1)2k )
)
= θϕ
(
z
(2)
2k−2, z
(1)
2k
)
◆♦✉s ❢❛✐s♦♥s ❧❡s ♠ê♠❡s ❝❛❧❝✉❧s ♣♦✉r E
(
ϕ
(
U
(1)
2n+1
)
| U1, . . . , U2n−1
)
✳ ❉♦♥❝✱ U1✱. . . ,U2n−1, U
(1)
2n+1
❡st ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈✳ 
✸✳✷✳✷✳ ▲❛ ♣r♦♣r✐été ♠é❧❛♥❣❡❛♥t❡✳ ◆♦t♦♥s SU2n|2k+1 ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ U2k−1
❡t U2k+1 ✭♣♦✉r t♦✉t k = 1, 2, . . . , n − 1✮✱ ❡t SU2n|2n+1♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ U2n−1 ❡t
U
(1)
2n+1✳ ❖♥ ♥♦t❡ S
(p)U
2n|2k+1 ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ U
(p)
2k−1 ❡t U
(p)
2k+1 ✭♣♦✉r t♦✉t k =
1, 2, . . . , n− 1✮✳ P♦s♦♥s✿
✭✸✳✷✹✮
ǫ′(D,∆) = exp
(
− (2M +∆|p2,1|)
(
∆
B2(1 + p2,1)
+D
)
−B2p22,1
(
∆
B2(1 + p2,1)
+D
)2)
,
P♦✉r t♦✉t k ∈ N✱
ǫ′k = ǫ
′(|mk −mk−1|,∆) .
Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ P♦✉r t♦✉t k = 1, 2, . . . , n✱ ❧❡ ♥♦②❛✉ SU2n|2k+1 ❡st ♠é❧❛♥❣❡❛♥t ❛✈❡❝ ❧❡ ❝♦✲
❡✣❝✐❡♥t ❞❡ ♠é❧❛♥❣❡ q✉✐ ❡st e−τM(M+2)ǫ42k−1 (ǫ2kǫ
′
2k)
2
✳ P♦✉r t♦✉t k = 1, 2, . . . , n − 1✱ ❧❡ ♥♦②❛✉
S
(p)U
2n|2k+1 ❡st ♠é❧❛♥❣❡❛♥t ❛✈❡❝ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ♠é❧❛♥❣❡ q✉✐ ❡st e
−τM(M+2)ǫ42k−1 (ǫ2kǫ
′
2k)
2
✳
❆✈❛♥t ❞❡ ♠♦♥tr❡r ❧❛ ♣r♦♣♦s✐t✐♦♥ ❝✐✲❞❡ss✉s✱ ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞✬✐♥tr♦❞✉✐r❡ ✉♥ ❧❡♠♠❡ t❡❝❤♥✐q✉❡✳
P♦✉r s✐♠♣❧✐✜❡r ❧❡s ❝❛❧❝✉❧s✱ ♥♦t♦♥s q✉❡ ❛✈❡❝ ♣♦✉r t♦✉t t1, t2, x, z ❞❛♥s R✱(
t′1
t′2
)
= (P−1)T
(
t1
t2
)
,
M1 =
2M(|1− p2,1|)
p1,1
.
▲❡♠♠❡ ✸✳✺✳ ❙✉♣♣♦s♦♥s q✉❡✱ ♣♦✉r t♦✉t D ≥ 0✱
|x− z| ≤ D ,
|2B2 (θ) (p1,2 + 1)z − t′2| ≤ ∆
❆❧♦rs✱
exp
(
− 1
4B2 (θ)
(t′2 − 2B2(p2,1 + 1)z)2 −B2 (θ) p22,1D2 −∆ |p2,1|D
)
≤ exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1x+ z))2
)
≤ exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1 + 1)z)2 +B2 (θ) p22,1D2 + |p2,1|D∆
)
.
❉é♠♦♥str❛t✐♦♥✳ P♦✉r t♦✉s a ❡t b ❞❛♥s R✱ ❧✬✐♥é❣❛❧✐té s✉✐✈❛♥t❡ ❡st é✈✐❞❡♥t❡ ✿ exp(−(a−b)2) ≤
exp(−a2 + b2 + 2|ab|)✳ ❉♦♥❝✱ ❡♥ ❧✬✉t✐❧✐s❛♥t✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1x+ z))2
)
= exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1 + 1)z) + 2B2 (θ) p2,1(z − x))2
)
✸✳✷✳ ▲❆ ◆❖❯❱❊▲▲❊ ❘❊P❘➱❙❊◆❚❆❚■❖◆ P❖❯❘ ▲❊ ❋■▲❚❘❊ ❘❖❇❯❙❚❊ ✹✸
≤ exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1 + 1)z)2 +B2 (θ) p22,1(z − x)2 + |p2,1(z − x)||t′2 − 2B2 (θ) (p2,1 + 1)z|
)
≤ exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1 + 1)z)2 +B2 (θ) p22,1D2 + |p2,1|D∆
)
❊t✱
exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1x+ p2,2z))2
)
≥ exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1 + 1)z)2 −B2 (θ) p22,1(z − x)2 − |p2,1(z − x)||t′2 − 2B2 (θ) (p2,1 + 1)z|
)
≥ exp
(
− 1
4B2 (θ)
(t′2 − 2B2 (θ) (p2,1 + 1)z)2 −B2 (θ) p22,1D2 − |p2,1|D∆
)

❘❡♠❛rq✉❡ ✸✳✻✳ ❉♦ré♥❛✈❛♥t✱ ♦♥ réé❝r✐t ✿ A
Y(k−1)τ:kτ
1 (θ) = A
Y(k−1)τ:kτ
1 , B
Y(k−1)τ:kτ
1 (θ) = B
Y(k−1)τ:kτ
1 ,
A2 (θ) = A2, B2 (θ) = B2, C1 (θ) = C1, C
Y(k−1)τ:kτ
0 (θ) = C
Y(k−1)τ:kτ
0 ✳
❉é♠♦♥str❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✳ ◆♦✉s ❛❧❧♦♥s é❝r✐r❡ ❧❛ ♣r❡✉✈❡ ♣♦✉r SU2n|2k+1 ❛✈❡❝
♣♦✉r t♦✉t k ∈ {1, 2, . . . , n− 1}✱ ❧✬❛✉tr❡ ❝❛s ❞♦✐t êtr❡ ❢❛✐t ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✳ ❙♦✐t ϕ ✉♥❡ ❢♦♥❝t✐♦♥
t❡st✭❞❛♥s C+b (R2)✮✳ ❆ ♣❛rt✐r ❞❡ (3.22), (3.23)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
S∆2n|2k−2((z, z
(2)
2k−2), (z
(1)
2k , z
(2)
2k ))∫
R
S∆2n|2k−2((z, z
(2)
2k−2), (z
(1)
2k , z
′))dz′
≥
≥ ǫ42k−1
R˜∆2n:2k+2((z
(1)
2k , z
(2)
2k ),R
2)✶C2k−1(∆)(z
(1)
2k )✶C2k(∆)(z
(2)
2k )ψ2k(z
(1)
2k , z
(2)
2k )Q
(
z
(1)
2k , z
(2)
2k
)
∫
R
R˜2n:2k+2((z
(1)
2k , z
′),R2)✶C2k−1(∆)(z
(1)
2k )✶C2k(∆)(z
′)ψ2k(z
(1)
2k , z
′)Q
(
z
(1)
2k , z
′
)
dz′
❉♦♥❝✱ ♣♦✉r t♦✉t k ∈ {2, . . . , n− 1}✱ ♣♦✉r t♦✉s z(2)2k−2 ∈ C2k−2(∆) ❡t z(1)2k ∈ C2k−1(∆)✱ ♥♦✉s ❛✈♦♥s ✿
✭✸✳✷✺✮ E(ϕ(U2k+1)|U2k−1 = (z(2)2k−2, z(1)2k )) = θϕ
(
z
(2)
2k−2, z
(1)
2k
)
≥ ǫ42k−1
×
∫
R2
ϕ(z
(2)
2k , z
(1)
2k+2)
R˜∆2n:2k+2((z
(1)
2k , z
(2)
2k ),R
2)✶C2k−1(∆)(z
(1)
2k )✶C2k(∆)(z
(2)
2k )ψ2k(z
(1)
2k , z
(2)
2k )Q
(
z
(1)
2k , z
(2)
2k
)
∫
R
R˜2n:2k((z
(1)
2k , z
′),R2)✶C2k−1(∆)(z
(1)
2k )✶C2k(∆)(z
′)ψ2k(z
(1)
2k , z
′)Q
(
z
(1)
2k , z
(2)
2k
)
dz′
×
(∫
R
S∆2n|2k((z
(1)
2k , z
(2)
2k ), (z
(1)
2k+2, z
(2)
2k+2)dz
(2)
2k+2
)
dz
(2)
2k dz
(1)
2k+2
❆ ♣❛rt✐r ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✷✱ ♣♦✉r t♦✉s z(1)2k ∈ C2k−1(∆) ❡t z(2)2k ∈ C2k(∆)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✭✸✳✷✻✮ ψ2k(z
(1)
2k , z
(2)
2k ) ≥ σ1σ2 exp
(
−2M |z(1)2k − z(2)2k | − τM
(
M
2
+ 1
))
× exp
(
−A2(z(1)2k )2 −B2(z(2)2k )2 + C1z(1)2k z(2)2k +A
Y(2k−1)τ:2kτ
1 z
(1)
2k +B
Y(2k−1)τ:2kτ
1 z
(2)
2k + C
Y(2k−1)τ:2kτ
0
)
= σ1σ2 exp
−2M |z(1)2k − z(2)2k | − τM2 (M + 2) + 14A2
(
A
Y(2k−1)τ:2kτ
1 − p2,1B
Y(2k−1)τ:2kτ
1
p1,1
)2
× exp
 1
4B2
(
B
Y(2k−1)τ:2kτ
1
)2
− 1
4A2
(
A
Y(2k−1)τ:2kτ
1 − p2,1B
Y(2k−1)τ:2kτ
1
p1,1
− 2A2p1,1z(1)2k
)2
− 1
4B2
(
B
Y(2k−1)τ:2kτ
1 − 2B2(p2,1z(1)2k + z(2)2k )
)2
+ C
Y(2k−1)τ:2kτ
0
)
✹✹ ✸✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❘❖❇❯❙❚❊ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
≥ ✭à ♣❛rt✐r ❞✉ ❧❡♠♠❛ ✸✳✺✮ σ1σ2 exp
(
−τM
2
(M + 2)
)
× exp
 1
4A2
(
A
Y(2k−1)τ:2kτ
1 − p2,1B
Y(2k−1)τ:2kτ
1
p1,1
)2
+
1
4B2
(
B
Y(2k−1)τ:2kτ
1
)2
+ C
Y(2k−1)τ:2kτ
0

× exp
− 1
4A2
(
A
Y(2k−1)τ:2kτ
1
p1,1
− p2,1B
Y(2k−1)τ:2kτ
1
p1,1
− 2A2p1,1z(1)2k
)2
− 1
4B2
(
B
Y(2k−1)τ:2kτ
1 − 2B2(p2,1 + 1)z(2)2k
)2
−B2p22,1(z(1)2k − z(2)2k )2 − (2M +∆|p2,1|) |z(1)2k − z(2)2k |
)
.
P♦s♦♥s✿
ψ
(1)
2k (x) = exp
− 1
4A2
(
A
Y(2k−1)τ:2kτ
1
p1,1
− p2,1B
Y(2k−1)τ:2kτ
1
p1,1
− 2A2p1,1x
)2 ,
ψ
(2)
2k (x) = exp
(
− 1
4B2
(
B
Y(2k−1)τ:2kτ
1 − 2B2(p2,1 + 1)x
)2)
ǫ1
(
Y(2k−1)τ :2kτ
)
= σ1σ2 exp
(
1
4A2
(
A
Y(2k−1)τ:2kτ
1 − p2,1B
Y(2k−1)τ:2kτ
1
p1,1
)2
+
1
4B2
(
B
Y(2k−1)τ:2kτ
1
)2
+ C
Y(2k−1)τ:2kτ
0 − (2M +∆|p2,1|)
(
∆
B2(1 + p2,1)
+D2k
)
−B2p22,1(
∆
B2(1 + p2,1)
+D2k)
2
)
P❛r❝❡ q✉❡ ✿
|z(1)2k − z(2)2k | = |z(1)2k −m2k−1 −
(
z
(2)
2k −m2k
)
+m2k−1 −m2k|
≤ ∆
B2(1 + p2,1)
+ |m2k−1 −m2k|
=
∆
B2(1 + p2,1)
+D2k
❉♦♥❝✱ ❣râ❝❡ à (3.26)✱ ♥♦✉s ♦❜t❡♥♦♥s✿
ψ2k(z
(1)
2k , z
(2)
2k ) ≥ exp
(
−τM
2
(M + 2)
)
ǫ1
(
Y(2k−1)τ :2kτ
)
ψ
(1)
2k (z
(1)
2k )ψ
(2)
2k (z
(2)
2k )✭✸✳✷✼✮
❋❛✐s♦♥s ❞❡ ♠ê♠❡ ♣♦✉r✱
ψ2k(z
(1)
2k , z
(2)
2k ) ≤ exp
(
τM
2
(M + 2)
)
ǫ2
(
Y(2k−1)τ :2kτ
)
ψ
(1)
2k (z
(1)
2k )ψ
(2)
2k (z
(2)
2k )✭✸✳✷✽✮
❖ù ✿
ǫ2
(
Y(2k−1)τ :2kτ
)
= σ1σ2 exp
(
1
4A2
(
A
Y(2k−1)τ:2kτ
1 − p2,1B
Y(2k−1)τ:2kτ
1
p1,1
)2
+
1
4B2
(
B
Y(2k−1)τ:2kτ
1
)2
+ C
Y(2k−1)τ:2kτ
0 + (2M +∆|p2,1|)
(
∆
B2(1 + p2,1)
+D2k
)
+B2p
2
2,1(
∆
B2(1 + p2,1)
+D2k)
2
)
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◆♦t♦♥s q✉❡ ✿
ǫ1
(
Y(2k−1)τ :2kτ
)
ǫ2
(
Y(2k−1)τ :2kτ
) = exp(−2 (2M +∆|p2,1|)( ∆
B2(1 + p2,1)
+D2k
)
− 2B2p22,1(
∆
B2(1 + p2,1)
+D2k)
2
)
= (ǫ′2k)
2
❊t q✉❡✱ ♣♦✉r t♦✉s z(1)2k ∈ C2k−1(∆) ❡t z(2)2k ∈ C2k(∆)✱
ξ1(D2k,∆) ≤ Q
(
z
(1)
2k , z
(2)
2k
)
≤ ξ2(D2k,∆)✭✸✳✷✾✮
❊♥ ❛♣♣❧✐q✉❛♥t (3.27) ✱ (3.28)❡t (3.29) ♣♦✉r (3.25) ✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
E(ϕ(U2k+1)|U2k−1 = (z(2)2k−2, z(1)2k )) ≥ e−τM(M+2)ǫ42k−1 (ǫ2kǫ′2k)2
×
∫
R2
ϕ(z
(2)
2k , z
(1)
2k+2)
R˜∆2n:2k+2((z
(1)
2k , z
(2)
2k ),R
2)✶C2k(∆)(z
(2)
2k )ψ
(2)
2k (z
(2)
2k )∫
R
R˜2n:2k((z
(1)
2k , z
′),R2)✶C2k(∆)(z′)ψ
(2)
2k (z
′)dz′
×
(∫
R
S∆2n|2k((z
(1)
2k , z
(2)
2k ), (z
(1)
2k+2, z
(2)
2k+2)dz
(2)
2k+2
)
dz
(2)
2k dz
(1)
2k+2
R˜∆2n:2k+2((z
(1)
2k , z
(2)
2k ),R
2) ❡t S∆2n|2k(z
(1)
2k , z
(2)
2k , .) ♥❡ ❞é♣❡♥❞❛♥t ♣❛s ❞❡ z
(1)
2k ✳ ◆♦✉s ♦❜t❡♥♦♥s q✉❡ S
U
2n|2k+1
❡st ♠é❧❛♥❣❡❛♥t ❛✈❡❝ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ♠é❧❛♥❣❡ q✉✐ ❡st e−τM(M+2)ǫ42k−1 (ǫ2kǫ
′
2k)
2✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛✲
♥✐èr❡✱ ♥♦✉s ♦❜t❡♥♦♥s q✉❡ S(p)U2n|2k+1 ❡st ♠é❧❛♥❣❡❛♥t ❛✈❡❝ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ♠é❧❛♥❣❡ q✉✐ ❡st ǫ
4
2k−1(ǫ2k)
2✳
❈❛r ǫ42k−1(ǫ2k)
2 ≥ e−τM(M+2)ǫ42k−1 (ǫ2kǫ′2k)2 ✱ ❞♦♥❝✱ ♦♥ ♣❡✉t ❞✐r❡ q✉❡ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ♠é❧❛♥❣❡ ❞❡
S
(p)U
2n|2k+1 ❡st ❛✉ss✐ e
−τM(M+2)ǫ42k−1 (ǫ2kǫ
′
2k)
2✳ 
✸✳✷✳✸✳ ❘❡♣rés❡♥t❛t✐♦♥ ❞✉ ✜❧tr❡ r♦❜✉st❡ ♣❛r r❛♣♣♦rt ❛✉① ❝❤❛î♥❡s ❝♦♥str✉✐t❡s✳
Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ❙♦✐t n ≥ 1✳ P♦✉r t♦✉t❡ ♠❡s✉r❡ µ s✉r R✳ ❙✐ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ Z0 ❛ ❞❡ ❧♦✐
ψ∆2n|0 • µ¯, ♦ù µ¯ (dx, dx′) = δ0 (dx)µ (dx′)✳ ❆❧♦rs✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ✭❞❛♥s C+b (R)✮✱
E(ϕ(U
(1)
2n+1)
∏
1≤i≤n ψ
∆
2i−1(U2i−1))
E(
∏
1≤i≤n ψ
∆
2i−1(U2i−1))
=
(
R
∆
2n ◦R
∆
2n−1 ◦ · · · ◦R
∆
1 (µ)
)
(ϕ)✭✸✳✸✵✮
❙✐ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ Z0 ❛ ❞❡ ❧♦✐ ψ
∆,(p)
2n|0 • µ¯, ♦ù µ¯ (dx, dx′) = δ0 (dx)µ (dx′)✳ ❆❧♦rs✱ ♣♦✉r t♦✉t❡
❢♦♥❝t✐♦♥ t❡st ϕ✭❞❛♥s C+b (R)✮✱
E(ϕ(U
(p)(2)
2n−1 )
∏
1≤i≤n ψ
∆
2i−1(U
(p)
2i−1))
E(
∏
1≤i≤n ψ
∆
2i−1(U
(p)
2i−1))
=
(
R
∆
2n−1 ◦R
∆
2n−2 ◦ · · · ◦R
∆
1 (µ)
)
(ϕ)✭✸✳✸✶✮
❘❡♠❛rq✉❡ ✸✳✽✳ ◆♦t♦♥s q✉❡ ❞❛♥s ♥♦tr❡ ❝❛❞r❡ ❞❡ tr❛✈❛✐❧✱ ♥♦✉s ✜①♦♥s ❧✬♦❜s❡r✈❛t✐♦♥ (Ys)s≥0 =
(ys)s≥0✳ ▲❛ ♣r♦♣♦s✐t✐♦♥ ❛✉✲❞❡ss✉s ♥♦✉s ♠♦♥tr❡ q✉❡✱ ❛✈❡❝ ♣♦✉r t♦✉t n✱ R
∆
n ◦R
∆
n−1 ◦· · ·◦R
∆
1 (µ) ♣❡✉t
s✬❡①♣r✐♠❡r ❝♦♠♠❡ ❧❡ n− ie`me t❡r♠❡ ❞✬✉♥❡ s✉✐t❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ q✉✐ ❡st ❜❛sé❡ s✉r ❧❡s ♥♦②❛✉① ❞❡
tr❛♥s✐t✐♦♥ ♠é❧❛♥❣❡❛♥ts ✭♣❛r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✮✳ ◆♦✉s ♣♦✉✈♦♥s ❞♦♥❝ ❛♣♣❧✐q✉❡r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✶
♣♦✉r ❝❡tt❡ s✉✐t❡✳ ❈❡tt❡ r❡♣rés❡♥t❛t✐♦♥ r❡st❡ t♦✉❥♦✉rs ✈r❛✐❡ ♣♦✉r ❧❛ ♠❡s✉r❡ R
∆
n ◦R
∆
n−1 ◦ · · · ◦R
∆
k (η)✱
♣♦✉r t♦✉t k ≤ n✱ ❡t η ❡st ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té s✉r R✳
❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r (3.30) ❡t ♥♦✉s ❢❛✐s♦♥s s✐♠✐❧❛✐r❡♠❡♥t ♣♦✉r (3.31)✳ P♦✉r
t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ✭❞❛♥s C+b (R)✮✱ ♥♦✉s ❛✈♦♥s ✿
✭✸✳✸✷✮ E
(
ϕ
(
U
(1)
2n+1
) n∏
i=1
ψ△2i−1 (U2i−1)
)
=
✹✻ ✸✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❘❖❇❯❙❚❊ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
=
∫
(R2)n+1
ϕ
(
z
(2)
2n
) n−1∏
k=0
ψ△2k+1
(
z
(2)
2k , z
(1)
2k+2
)
S△2n|2k (z2k, z2k+2)ψ
△
2n|0 • µ¯ (dz0) dz2 . . . dz2n
=
∫
(R2)n+1
ϕ(z
(2)
2n )
n−1∏
k=0
[
ψ∆2n|2k+2(z2k+2)
ψ∆2n|2k(z2k)
R˜∆2k+2(z2k, dz2k+2)ψ
∆
2k+1(z
(2)
2k , z
(1)
2k+2)
]
(ψ∆2n|0 • µ¯)(dz0)
=
∫
R2n×R
ϕ(z
(2)
2n )
n−1∏
k=0
[
R˜∆2k+2(z2k, dz2k+2)ψ
∆
2k+1(z
(2)
2k , z
(1)
2k+2)
] µ(dz(2)0 )
µ¯(ψ∆2n|0)
P❛r ❞é✜♥✐t✐♦♥✱ ♥♦✉s ❛✈♦♥s ✿
✭✸✳✸✸✮
(
R∆2n ◦R∆2n−1 ◦ · · · ◦R∆1 (µ)
)
(ϕ)
proportionnel∝
∫
R2n×R
ϕ(z
(2)
2n )
n−1∏
k=0
[
R∆2k+2(z
(1)
2k+2, dz
(2)
2k+2)R
∆
2k+1(z
(2)
2k , dz
(1)
2k+2)
]
µ(dz
(2)
0 )
❉✬❛✉tr❡ ♣❛rt✱ ♣❛r ❞é✜♥✐t✐♦♥✱
R˜∆2k+2(z2k, dz2k+2) = ✶C2k(∆)(z
(2)
2k )✶C2k+1(∆)(z
(1)
2k+2)ψ
∆
2k+2(z
(1)
2k+2, z
(2)
2k+2)Q(z
(2)
2k , dz
(1)
2k+2)Q(z
(1)
2k+2, dz
(2)
2k+2)
+ ✶Cc2k(∆)(z
(2)
2k )✶C2k+1(∆)(z
(1)
2k+2)ψ
∆
2k+2(z
(1)
2k+2, z
(2)
2k+2)ξ1(D2k+1,∆)Q(z
(1)
2k+2, dz
(2)
2k+2)
❊t✱
R∆k+1 (x, dx
′) = ✶Ck(∆)(x)ψ
∆
k+1(x, x
′)Q(x, dx′) + ✶Cc
k
(∆)(x)ψ
∆
k+1(x, x
′)ξ1(Dk+1,∆)dx′
❉♦♥❝✱
R˜∆2k+2(z2k, dz2k+2)ψ
∆
2k+1(z
(2)
2k , z
(1)
2k+2) = R
∆
2k+2(z
(1)
2k+2, dz
(2)
2k+2)R
∆
2k+1(z
(2)
2k , dz
(1)
2k+2)✭✸✳✸✹✮
❈❡tt❡ ♣r♦♣♦s✐t✐♦♥ ❡st ❞♦♥❝ ❜✐❡♥ ♦❜t❡♥✉❡ ❣râ❝❡ à (3.32)✱ (3.33) ❡t (3.34)✳ 
✸✳✸✳ ▲❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ r♦❜✉st❡
▲❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✼ ♥♦✉s ✐♥❞✐q✉❡ q✉❡ ❧❡ ✜❧tr❡ r♦❜✉st❡ ♣❡✉t s✬❡①♣r✐♠❡r s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡
s✉✐t❡ ❞❡ ❋❡②♥♠❛♥✲❑❛❝ ❜❛sé❡ s✉r ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❛✈❡❝ ✉♥ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ♠é❧❛♥❣❡❛♥t✳
❉♦♥❝✱ ♥♦✉s ♣♦✉✈♦♥s ❛♣♣❧✐q✉❡r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✷ ♣♦✉r ❝❡tt❡ s✉✐t❡ ♣♦✉r ♦❜t❡♥✐r ❧❛ st❛❜✐❧✐té✳ ❉❛♥s
❝❡tt❡ s✉❜s❡❝t✐♦♥✱ ♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ❧✬✐❞é❡ ❞❛♥s ❬❖❘✵✺❪ ♣♦✉r ♠♦♥tr❡r ❧❛ st❛❜✐❧✐té✳ ❖♥ s✉♣♣♦s❡ q✉❡(
π△nτ
)
n>0
✱
(
(π′)△nτ
)
n>0
s♦♥t ❞❡s ✜❧tr❡s r♦❜✉st❡s ❛✈❡❝ ❧❡s ❝♦♥❞✐❝t✐♦♥s ✐♥✐t✐❛❧❡s π0, π′0 r❡s♣❡❝t✐✈❡♠❡♥t✳
◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧✬❡s♣ér❛♥❝❡ E
(∥∥∥π△nτ − (π′)△nτ∥∥∥
V T
)
✳ P♦✉r t♦✉s t ❞❛♥s R ❡t k ≥ 1✱ ♥♦t♦♥s ✿
c0 = e
−τM(M+2)
τ(t,∆) = 1− c0(ǫ(t,∆)3ǫ′(t,∆))2 ,
τk = 1− c0
(
ǫ2k−1ǫkǫ
′
k
)2
P♦✉r t♦✉t L > 0✱ ♦♥ ♣♦s❡ ✿
α˜(L) =
48Ch
√
τ
L
√
π
exp
(
−1
2
(
L
6Ch
√
2τ
)2)
.
❖♥ ✜①❡ L t❡❧ q✉❡
✭✸✳✸✺✮ L ≥ 3m0 + 3CMτ ❡t α˜(L) ≤ 1
4
.
P♦s♦♥s✿
ρ =
τ(L,∆) +
√
τ(L,∆)2 + 4α˜(L)(1− τ(L,∆))
2
.
✸✳✸✳ ▲❆ ❙❚❆❇■▲■❚➱ ❉❯ ❋■▲❚❘❊ ❘❖❇❯❙❚❊ ✹✼
▲❡♠♠❡ ✸✳✾✳ P♦✉r t♦✉t 0 ≤ k ≤ n✱ ♥♦✉s ❛✈♦♥s ✿
E (τ2nτ2n−2 . . . τ2k+2|Y0:2kτ ) ≤
(
1− c0(ǫ(L,∆)
3ǫ′(L,∆)2)
2
)n−k−1
❉é♠♦♥str❛t✐♦♥✳ P♦✉r t♦✉t k ≥ 1 ❡t ♣♦✉r L > 0 ✜①é✱ ♥♦t♦♥s ✿
θ2k =
{
τ(L,∆) s✐ |m2k−2 −m2k−1| < L ❡t |m2k−1 −m2k| < L
1 s✐♥♦♥✳
❘❡♠❛rq✉♦♥s q✉❡ ♣♦✉r t♦✉t k ≥ 1✱ |mk −mk−1| ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ Y(k−2)+τ :kτ ❡t τ2k ≤ θ2k ≤ 1✳
■♥tr♦❞✉✐s♦♥s ❝❡tt❡ ♥♦✉✈❡❧❧❡ ♥♦t❛t✐♦♥ ✿
e2n|2k+2 =
{
E (θ2nθ2n−2 . . . θ2k+2|Y0:2kτ ) s✐ k ≤ n− 1 ,
1 s✐♥♦♥✱
❉♦♥❝✱ ♥♦✉s ❛✈♦♥s ✿
E (τ2nτ2n−2 . . . τ2k+2|Y0:2kτ ) ≤ e2n|2k+2
❈✬❡st ♣♦✉rq✉♦✐✱ ♣♦✉r ♠♦♥tr❡r ❝❡ ❧❡♠♠❡✱ ♥♦✉s ❛❧❧♦♥s ♠❛❥♦r❡r e2n|2k+2✳ P♦✉t t♦✉t 0 ≤ k ≤ n − 2✱
♥♦✉s ❛✈♦♥s ✿
e2n|2k+2 = E
(
E
(
θ2nθ2n−2 | Y0:(2n−4)τ
)
θ2n−4 . . . θ2k+2 | Y0:2kτ
)
❊t✱
E(θ2nθ2n−2|Y0:(2n−4)τ )
= E(θ2n−2(1− ✶[0,L)(D2n)✶[0,L)(D2n−1)) + τ(L,∆)θ2n−2✶[0,L)(D2n)✶[0,L)(D2n−1)|Y0:(2n−4)τ )
= E(θ2n−2τ(L,∆) + (1− τ(L,∆))θ2n−2(1− ✶[0,L)(D2n)✶[0,L)(D2n−1))|Y0:(2n−4)τ )
≤ τ(L,∆)E(θ2n−2|Y0:(2n−4)τ ) + (1− τ(L,∆))[P(|m2n −m2n−1| ≥ L|Y0:(2n−4)τ )+
+ P(|m2n−1 −m2n−2| ≥ L|Y0:(2n−4)τ )] .
❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r t♦✉t k ≥ 1✱ ♣♦✉r t♦✉t L s❛t✐s❢❛✐s❛♥t (3.35)✱ ♣♦✉r t♦✉t x✱ ♣♦✉r t♦✉t p < k − 2✱
♥♦✉s ❛✈♦♥s ✿
P(V(k−2)+τ,kτ ≥ x) ≤ P(2|W2τ | ≥ x) ,
P(W(k−2)+τ,kτ ≥ x) ≤ P(2|W2τ | ≥ x) .
❊♥ ✉t✐❧✐s❛♥t (3.7) ❡t ❧❡s ✐♥é❣❛❧✐tés ❛✉✲❞❡ss✉s✱ ♥♦✉s ❞é❞✉✐s♦♥s✿
P(|mk −mk−1| ≥ L|Y0:pτ )) ≤ 2P
(
Ch× 2|W2τ | ≥ L
3
)
= 2P
(
|W1| ≥ L
6Ch
√
2τ
)
❊♥ ✉t✐❧✐s❛♥t ❧✬✐♥é❣❛❧✐té s✉✐✈❛♥t❡ ♣♦✉r P
(
|W1| ≥ L6Ch√2τ
)
✱
z > 0 ,
∫ +∞
z
exp
(
− t
2
2
)
dt ≤
exp
(
− z22
)
z
,
◆♦✉s ♦❜t❡♥♦♥s ✿
P(|mk −mk−1| ≥ L|Y0:pτ )) ≤ 24Ch
√
τ
L
√
π
exp
(
−1
2
(
L
6C
√
2τ
)2)
.
❉♦♥❝✱
E(θ2nθ2n−2|Y0:(2n−4)τ ) ≤ τ(L,∆)E(θ2n−2|Y0:(2n−4)τ ) + (1− τ(L,∆))α˜(L) .
P❛r ❝♦♥séq✉❡♥t✱ ♣♦✉r t♦✉t n✱ ♥♦✉s ♣♦✉✈♦♥s ♠❛❥♦r❡r ✿
e2n|2k+2 ≤ τ(L,∆)e2n−2|2k+2 + (1− τ(L,∆))α˜(L)e2n−4|2k+2
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣❛r❝❡ q✉❡ ✿ e2k|2k+2 = 1✱ e2k+2|2k+2 ≤ 1 ❡t 1 > ρ = τ(L,∆)+ 1ρ (1−τ(L,∆))α˜(L) ≥
τ(L,∆) + (1− τ(L,∆))α˜(L)✱ ♥♦✉s ❛✈♦♥s ✿
e2k+4|2k+2 ≤ τ(L,∆) + (1− τ(L,∆))α˜(L) ≤ ρ
✹✽ ✸✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❘❖❇❯❙❚❊ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
P❛r ré❝✉rr❡♥❝❡✱ ♣♦✉t t♦✉t 0 ≤ k ≤ n − 2✱ ✭❡♥ r❡♠❛rq✉❛♥t q✉❡ ρ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞✬✉♥❡ éq✉❛t✐♦♥
❞❡ ❞é❣rés ❞❡✉① ❞é✜♥✐❡ ♣❛r ✿ x2 − τ(L,∆)x− (1− τ(L,∆))α˜(L) = 0✮✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
e2n|2k+2 ≤ ρn−k−1
P❛r❝❡ q✉❡ α˜(L) ≤ 1
4
✱ ♥♦✉s ❛✈♦♥s ✿
ρ ≤ 1
2
(τ(L,∆) +
√
τ(L,∆)2 + 1− τ(L,∆) ≤ τ(L,∆) + 1
2
= 1− c0 (ǫ(L,∆)
3ǫ′(L,∆))2
2
❉♦♥❝✱ ❝❡ ❧❡♠♠❡ ❡st ❜✐❡♥ ♠♦♥tré✳ 
❘❡♠❛rq✉❡ ✸✳✶✵✳ ❙✐♠✐❧❛✐r❡♠❡♥t✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ✿
E (τnτn−2 . . . τk+2|Y0:kτ ) ≤
(
1− c0(ǫ(L,∆)
3ǫ′(L,∆)2)
2
)(⌊n−k2 ⌋−1)+
●râ❝❡ à ❝❡ ❧❡♠♠❡✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳ P♦✉r t♦✉t n✱ ♥♦✉s ❛✈♦♥s ✿
E
(∥∥∥π△nτ − π′△nτ ∥∥∥
V T
)
≤ 2
(
1− c0 (ǫ(L,∆)
3ǫ′(L,∆))2
2
)⌊n−22 ⌋+
❉é♠♦♥str❛t✐♦♥✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✶ ❡t ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✼✱ ♣♦✉r t♦✉t p ∈ N∗✱
♥♦✉s ♦❜t❡♥♦♥s ✿ ∥∥∥π△2pτ − π′△2pτ∥∥∥
V T
≤ 2τ2pτ2(p−1) . . . τ2
❡t ∥∥∥π△(2p−1)τ − π′△(2p−1)τ∥∥∥
V T
≤ 2τ2(p−1)τ2(p−2) . . . τ2
●râ❝❡ ❛✉ ❧❡♠♠❡ ✸✳✾✱
E
(∥∥∥π△2pτ − π′△2pτ∥∥∥
V T
)
≤ 2
(
1− c0 (ǫ(L,∆)
3ǫ′(L,∆))2
2
)p−1
❊t✱
E
(∥∥∥π△(2p−1)τ − π′△(2p−1)τ∥∥∥
V T
)
≤ 2
(
1− c0 (ǫ(L,∆)
3ǫ′(L,∆))2
2
)p−2
❉♦♥❝✱ ♣♦✉r t♦✉t n✱ ♥♦✉s ❛✈♦♥s ✿
E
(∥∥∥π△nτ − π′△nτ ∥∥∥
V T
)
≤ 2
(
1− c0 (ǫ(L,∆)
3ǫ′(L,∆))2
2
)⌊n−22 ⌋+

❈❍❆P■❚❘❊ ✹
❙t❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧
❚♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s ♣❛r❛♠ètr❡s τ, h,∆ s❛t✐s❢♦♥t ❧✬❤②♣♦t❤ès❡
✷ ❡t ❧✬❤②♣♦t❤ès❡ ✸✳
✹✳✶✳ ❊st✐♠❛t✐♦♥ ❞❡s ❡rr❡✉rs
❆✉ ❝❤❛♣✐tr❡ 3✱ ♥♦✉s ❛✈♦♥s ❝♦♥str✉✐t ✉♥ ✜❧tr❡ r♦❜✉st❡ q✉✐ ❡st st❛❜❧❡✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s
❛❧❧♦♥s ♠♦♥tr❡r q✉❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s ♣❛r ❝❡ ✜❧tr❡
r♦❜✉st❡✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ πnτ ❡t π△nτ ♣❛r r❛♣♣♦rt à ❧❛ ♥♦r♠❡ ✈❛r✐❛t✐♦♥
t♦t❛❧❡✳ ❈❡tt❡ ❞✐✛ér❡♥❝❡ ❡st ❛♣♣❡❧é❡ ❧✬❡rr❡✉r ❣❧♦❜❛❧❡✳ ◆♦t♦♥s q✉❡ ❝❡tt❡ ❡rr❡✉r ♣❡✉t êtr❡ ♠❛❥♦ré❡
❝♦♠♠❡ s✉✐ ✿
‖πnτ − π∆nτ‖V T ≤ ‖πnτ −R
∆
n (π(n−1)τ )‖V T +
∑
1≤k≤n−1
‖R∆n:k+1(πkτ )−R
∆
n:k+1(R
∆
k (π(k−1)τ ))‖V T
▲✬✐♥é❣❛❧✐té ❝✐✲❞❡ss✉s ♥♦✉s s✉❣❣èr❡ à ❝♦♥s✐❞ér❡r t♦✉t ❞✬❛❜♦r❞ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ πkτ ❡t R
∆
k (π(k−1)τ )✱
❛♣♣❡❧é❡ ❧✬❡rr❡✉r ❧♦❝❛❧❡✳
✹✳✶✳✶✳ ▲✬❡rr❡✉r ❧♦❝❛❧❡✳ ❘❛♣♣❡❧♦♥s q✉❡ ”  ” ❡st ❞é✜♥✐❡ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✻ ❡t ❧❛ ❢♦♥❝t✐♦♥
T (∆) ❡st ❞é✜♥✐❡ ❞❛♥s ❧❛ ❢♦r♠✉❧❡ (3.9)✳ ❘❛♣♣❡❧♦♥s q✉✬à ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✷✳✶✵✱ s♦✉s ❧❛ ♠❡s✉r❡ ❞❡
❲✐❡♥❡r λτ ✱ ♥♦✉s s❛✈♦♥s q✉❡ A
Y0:τ
1 ❡t B
Y0:τ
1 s♦♥t ❞❡s ✈❛r✐❛❜❧❡s ❣❛✉ss✐❡♥♥❡s✱ ♥♦t♦♥s Ψ¯ (., .) ❡st ❧❛
❢♦♥❝t✐♦♥ ❞❡♥s✐té ❞✉ ✈❡❝t❡✉r
(
AY0:τ1 , B
Y0:τ
1
)
✳ ❉é✜♥✐ss♦♥s ❧❛ ❢♦♥❝t✐♦♥ Ψ ❞❡ R2 ❞❛♥s R+ t❡❧❧❡ q✉❡ ✿
Ψ(t1, t2) = E
(
exp
(
CW0:τ0
)
|AW0:τ1 = t1, BW0:τ1 = t2
)
Ψ¯ (t1, t2)✭✹✳✶✮
◆♦t♦♥s Ψ1 ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R2 ❞❛♥s R+ t❡❧❧❡ q✉❡ ✿
Ψ(t1, t2) = exp
(
−1
4
(t1, t2)κ
−1 (t1, t2) T
)
Ψ1 (t1, t2)✭✹✳✷✮
❖♥ r❛♣♣❡❧❧❡ ✐❝✐ ❧❛ ♣r♦❜❛❜✐❧✐té P˜ q✉✐ ❡st ❞é✜♥✐❡ ❞❛♥s (2.1)✳ P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ ❞❛♥s C+b (R2)
✭❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s✱ ❜♦r♥é❡s s✉r R2✮✱ ♥♦✉s ❛✈♦♥s ✿
EP
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
|X0 = x,Xτ = z
)
=
E
P˜
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
dP
dP˜
∣∣∣
Fτ
|X0 = x,Xτ = z
)
E
P˜
(
dP
dP˜
∣∣∣
Fτ
|X0 = x,Xτ = z
)✭✹✳✸✮
❊t✱ ❝♦♥❞✐t✐♦♥♥é s✉r X0 = x ❡t Xτ = z✱ ♥♦✉s ❛✈♦♥s ❧✬❡♥❝❛❞r❡♠❡♥t s✉✐✈❛♥t ✭❧❛ ❞é♠♦♥str❛t✐♦♥ s✐♠♣❧❡
s❡ tr♦✉✈❡ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✮ ✿
exp
(
−M |x− z| − τM (M + 1)
2
)
≤ dP
dP˜
∣∣∣∣
Fτ
≤ exp
(
M |x− z|+ τM
2
)
✭✹✳✹✮
❙♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té P˜ ✳ ◆♦✉s s❛✈♦♥s q✉❡ X ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥✱ ❞♦♥❝ X0:τ ❝♦♥❞✐t✐♦♥é ♣❛r
X0 = x,Xτ = z ❡st ❧❡ ♣♦♥t ❜r♦✇♥✐❡♥✳ ▲❡ ❧❡♠♠❡ s✉✐✈❛♥t ♥♦✉s ❞♦♥♥❡ ❞❡s ♣r♦♣r✐étés ❞❡ A
Y0:τ
1 , B
Y0:τ
1
s♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té P˜✳
▲❡♠♠❡ ✹✳✶✳ ❙♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té P˜✱ ❝♦♥❞✐t✐♦♥♥é ♣❛r X0 = x ❡t Xτ = z✱ ♥♦✉s s❛✈♦♥s q✉❡ A
Y0:τ
1 ❡t
BY0:τ1 s♦♥t ❞❡✉① ✈❛r✐❛❜❧❡s ❣❛✉s✐❡♥♥❡s✳ ❉✬❛✐❧❧❡✉r✱ ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞✉ ✈❡❝t❡✉r
(
AY0:τ1 , B
Y0:τ
1
)
♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ x ❡t z✳
✹✾
✺✵ ✹✳ ❙❚❆❇■▲■❚➱ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
❉é♠♦♥str❛t✐♦♥✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ♣♦♥t ❜r♦✇♥✐❡♥✱ ♥♦✉s ❛✈♦♥s ✿
L
(
(Xs)s∈[0,τ ] | X0 = x,Xτ = z
)
= L
(
x
(
1− s
τ
)
+ z
s
τ
+Bs − s
τ
Bτ , s ∈ [0, τ ]
)
❖ù (Bs)s∈[0,τ ] ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ s♦✉s ❧❛ ♣r♦❜❛❜✐❧✐té P q✉✐ ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡ (Ws)s∈[0,τ ]✳
❆ ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✷✳✶✵✱ ❝♦♥❞✐t✐♦♥♥é ♣❛r X0 = x ❡t Xτ = z✱ ♥♦✉s ❛✈♦♥s ✿
AY0:τ1 =
∫ τ
0
f1
( s
τ
)
dYs = h
∫ τ
0
f1
( s
τ
)
Xsds+
∫ τ
0
f1
( s
τ
)
dWs
= h
∫ τ
0
f1
( s
τ
)(
x
(
1− s
τ
)
+ z
s
τ
)
ds+ h
∫ τ
0
f1
( s
τ
)(
Bs − s
τ
Bτ
)
ds+
∫ τ
0
f1
( s
τ
)
dWs
= hτ
∫ 1
0
f1 (s) (x (1− s) + zs) ds+ h
√
τ
∫ 1
0
f1 (s) (Bs − sB1) ds+
√
τ
∫ 1
0
f1 (s) dWs
(✐♥té❣r❛❧❡ ♣❛r ♣❛rt✐❡)
= hτ
∫ 1
0
f1 (s) (x (1− s) + zs) ds+ h
√
τ
∫ 1
0
(∫ 1
0
(1− s) f1 (s) ds−
∫ s
0
f1 (u) du
)
dBs
+
√
τ
∫ 1
0
f1 (s) dWs
❙✐♠✐❧❛✐r❡♠❡♥t✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❛ ❢♦r♠❡ ♣♦✉r BY0:τ1 ✱ ❝♦♥❞✐t✐♦♥♥é ♣❛r X0 = x ❡t Xτ = z
BY0:τ1 = hτ
∫ 1
0
f2 (s) (x (1− s) + zs) ds+ h
√
τ
∫ 1
0
(∫ 1
0
(1− s) f2 (s) ds−
∫ s
0
f2 (u) du
)
dBs
+
√
τ
∫ 1
0
f2 (s) dWs
❉♦♥❝✱ AY0:τ1 ❡t B
Y0:τ
1 s♦♥t ❞❡✉① ✈❛r✐❛❜❧❡s ❣❛✉s✐❡♥♥❡s ❡t ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞✉ ✈❡❝t❡✉r(
AY0:τ1 , B
Y0:τ
1
)
♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ x ❡t z✳ 
◆♦✉s ❛❧❧♦♥s ❡♥s✉✐t❡ ❞♦♥♥❡r ✉♥ ❡♥❝❛❞r❡♠❡♥t ♣♦✉r Ψ1 q✉✐ ❡st ❞é✜♥✐❡ ❞❛♥s ❧❛ ❢♦r♠✉❧❡ (4.2) ❡♥
✉t✐❧✐s❛♥t ❧❡s ❢❛✐ts ❝✐✲❞❡ss✉s ✿
▲❡♠♠❡ ✹✳✷✳ ■❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ C1 (h, τ) t❡❧❧❡ q✉❡✱ ♣✳s✳ ♣❛r r❛♣♣♦rt à (x, z) ❞❛♥s
R2✱
Ψ1(2(x, z)κ) ≤ C1(h, τ) exp (4M |x− z|+ τM (M + 2))
❊t✱
Ψ1(2(x, z)κ) ≥ (C1(h, τ))−1 exp (−4M |x− z| − τM (M + 2))
❉é♠♦♥str❛t✐♦♥✳ ❋✐①♦♥s (x, z) ❞❛♥s R2✳ P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ ❞❛♥s C+b (R2)✱ ♥♦✉s ❛✈♦♥s ✿
✭✹✳✺✮
∫
C([0,τ ])
ϕ(Ay0:τ1 , B
y0:τ
1 )ψ̂(y0:τ , x, z)λτ (dy0:τ ) = E
(
ϕ(AW0:τ1 , B
W0:τ
1 )ψ̂(W0:τ , x, z)
)
= E
(
ϕ(AW0:τ1 , B
W0:τ
1 ) exp
(
−A2x2 −B2z2 + C1xz +AW0:τ1 x+BW0:τ1 z
)
× E
(
exp
(
CW0:τ0
)
|AW0:τ1 , BW0:τ1
))
= σ1σ2
∫
R2
ϕ(t1, t2) exp
(−A2x2 −B2z2 + C1xz + t1x+ t2z)Ψ(t1, t2)dt1dt2 ,
P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ϕ ❞❛♥s C+b (R2)✱ ♦♥ ✉t✐❧✐s❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✷ ❡t ❧❛ ❢♦r♠✉❧❡ (4.5) ♣♦✉r ♦❜t❡♥✐r ✿
✭✹✳✻✮
∫
C([0,τ ])
ϕ(Ay0:τ1 , B
y0:τ
1 )ψ(y0:τ , x, z)λτ (dy0:τ )
✹✳✶✳ ❊❙❚■▼❆❚■❖◆ ❉❊❙ ❊❘❘❊❯❘❙ ✺✶
≤
∫
C([0,τ ])
ϕ(Ay0:τ1 , B
y0:τ
1 )e
2M |x−z|+τM(M2 +1)ψ̂(y0:τ , x, z)λˆτ (dy0:τ )
= σ1σ2e
2M |x−z|+τM(M2 +1)
∫
R2
ϕ(t1, t2)e
−A2x2−B2z2+C1xz+t1x+t2xΨ(t1, t2)dt1dt2
= σ1σ2e
2M |x−z|+τM(M2 +1)
∫
R2
ϕ(t1, t2) exp
(
−1
4
((t1, t2)− 2(x, z)κ)κ−1((t1, t2)T − 2κ(x, z)T )
)
×Ψ1(t1, t2)dt1dt2
P♦✉t t♦✉t t1 ❡t t2 ❞❛♥s R✱ ♥♦t♦♥s
Q(t1, t2) = exp
(
−1
4
(t1, t2)κ
−1(t1,t2)T
)
.
❉✬❛✉tr❡ ♣❛rt✱
EP
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
|X0 = x,Xτ = z
)
=
∫
C([0,τ ])
ϕ(Ay0:τ1 , B
y0:τ
1 )ψ(y0:τ , x, z)λˆτ (dy0:τ )✭✹✳✼✮
●râ❝❡ ❛✉① (4.3) ❡t (4.4)✱ ♥♦✉s ♦❜t❡♥♦♥s ❞♦♥❝✱
✭✹✳✽✮ EP
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
|X0 = x,Xτ = z
)
≤ exp
(
2M |x− z|+ τM (M + 2)
2
)
E
P˜
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
|X0 = x,Xτ = z
)
❊t
✭✹✳✾✮ EP
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
|X0 = x,Xτ = z
)
≥ exp
(
−2M |x− z| − τM (M + 2)
2
)
E
P˜
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
|X0 = x,Xτ = z
)
❊♥ ❛♣♣❧✐q✉❛♥t ❧❡ ❧❡♠♠❡ ✹✳✶✱ ♥♦✉s ❛✈♦♥s ✉♥❡ ❡①♣r❡ss✐♦♥ ✿
E
P˜
(
ϕ
(
AY0:τ1 , B
Y0:τ
1
)
|X0 = x,Xτ = z
)
=
∫
R2
ϕ (t1, t2)Q′x,z(t1, t2)dt1dt2✭✹✳✶✵✮
❖ù logQ′x,z(t1, t2) ❡st ✉♥❡ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ ❡♥ t1 ❡t t2✳
◆♦✉s ♦❜t❡♥♦♥s✱ à ♣❛rt✐r ❞❡ (4.6)− (4.10)✱p.s. ❡♥ (t1, t2) ♣❛r r❛♣♣♦rt à ✉♥❡ ♠❡s✉r❡ ▲❡❜❡s❣✉❡ ❞❛♥s
R2✱
✭✹✳✶✶✮ Q′x,z(t1, t2) ≤ σ1σ2e4M |x−z|+τM(M+2)Q((t1, t2)− 2(x, z)κ)Ψ1(t1, t2) .
❊t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✷ ✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✭✹✳✶✷✮ Q′x,z(t1, t2) ≥ σ1σ2e−4M |x−z|−τM(M+2)Q((t1, t2)− 2(x, z)κ)Ψ1(t1, t2) .
◆♦t♦♥s M c ❡t m = (m1,m2) s♦♥t ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡✭q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ (x, z)✮ ❡t ❧❡
♠♦②❡♥✭q✉✐ ❞é♣❡♥❞ ❞❡ (x, z)✮ ❞❡
(
AY0:τ1 , B
Y0:τ
1
)
✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ P♦✉r t♦✉s x, z, t1 ❡t t2 ❞❛♥s R✱
♥♦✉s ❛✈♦♥s ✿
max
t1,t2
Q′x,z(t1, t2) =
1
2π
√
det (M c)
❊t
Q′x,z (m1,m2) =
1
2π
√
det (M c)
❉♦♥❝✱ à ♣❛rt✐r ❞❡ (4.12)✱ ♦♥ ❣❛❣♥❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ q✉✐ ❞é♣❡♥❞ ❞❡ τ ❡t h✱ ♥♦té❡
C1(h, τ) t❡❧❧❡ q✉❡ ✿
Ψ1(2(x, z)κ) ≤ C1(τ, h)e4M |x−z|+τM(M+2)
P❛r ❛✐❧❧❡✉r✱ ♥♦✉s ✈♦②♦♥s ❞❛♥s ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞✉ ❧❡♠♠❡ ✹✳✶ q✉❡ ❧❡ ✈❡❝t❡✉r ❞❡ ♠♦②❡♥m = (m1,m2)
♣❡✉t s✬❡①♣r✐♠❡r s♦✉s ❢♦r♠❡m = (x, z)κ′ ✱ ♦ù κ′ ❡st ✉♥❡ ♠❛tr✐❝❡ ✜①é❡ ❞❛♥sM2,2 (R)✳ ❉♦♥❝✱ à ♣❛rt✐r
❞❡ (4.11)✱ ❛✈❡❝ ♣♦✉r t♦✉s x ❡t z ❞❛♥s R✱ ♥♦✉s ❛✈♦♥s ✿
✺✷ ✹✳ ❙❚❆❇■▲■❚➱ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
Q((x, z)κ′ − 2(x, z)κ) ≥ Q′x,z((x, z)κ′) (σ1σ2)−1 e−4M |x−z|−τM(M+2) (Ψ1((x, z)κ′))−1
≥ 1
2π
√
det (M c)
(σ1σ2)
−1
C1(τ, h)
−1e−4M |x−z|−2τM(M+2)−4M |
1
2 (x,z)κ
′κ−1(1,−1)T |
❉♦♥❝✱
✭✹✳✶✸✮ Q((x, z)κ′ − 2(x, z)κ)e4M |x−z|+4M | 12 (x,z)κ′κ−1(1,−1)T |
≥ 1
2π
√
det (M c)
(σ1σ2)
−1
C1(τ, h)
−1e−2τM(M+2)
❙✐ κ′ 6= 2κ✱ ♥♦✉s ❛✈♦♥s ✿
lim
(x,z)→(∞,∞)
Q((x, z)κ′ − 2(x, z)κ)e4M |x−z|+4M | 12 (x,z)κ′κ−1(1,−1)T | = 0
❈❡ q✉✐ ❡st ❝♦♥tr❛❞✐❝t♦✐r❡ ❛✈❡❝ ❧✬✐♥é❣❛❧✐té (4.13)✱ ❞♦♥❝ κ′ = 2κ✳ ❉❛♥s (4.11)✱ ❡♥ r❡♠♣❧❛ç❛♥t (t1, t2)
♣❛r (2(x, z)κ)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
Ψ1(2(x, z)κ) ≥ (C1(h, τ))−1 exp (−4M |x− z| − τM (M + 2))

▲❡♠♠❡ ✹✳✸✳ ❙✐ ♥♦✉s ❛✈♦♥s ✉♥ ❡♥s❡♠❜❧❡ A = {y0:τ ∈ C([0; τ ]) : (Ay0:τ1 , By0:τ1 ) ∈ B}✱ ♦ù B ❡st
✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ R2✳ ❆❧♦rs✱∫
A
ψ̂(y0:τ , x, z)λˆτ (dy0:τ ) ≤ σ1σ2C1(h, τ)
×
∫
(t2,t2)∈B
exp
{
−A
−1
2
4
(∣∣∣∣ t1p1,1 − p2,1t2p1,1 − 2A2p1,1x
∣∣∣∣− 4M ∣∣∣∣ 1p1,1 + p2,1p1,1
∣∣∣∣)2
−B
−1
2
4
(|t2 − 2B2(p2,1x+ z)| − 4M)2
}
× exp (4 ∣∣M2(1,−1)κ−1(1,−1)T ∣∣+ τM (M + 2) + 4M |x− z|) dt1dt2
❊t✱∫
A
ψ̂(y0:τ , x, z)λˆτ (dy0:τ ) ≥ (σ1σ2)C1(h, τ)−1
×
∫
(t2,t2)∈B
exp
{
−A
−1
2
4
(∣∣∣∣ t1p1,1 − p2,1t2p1,1 − 2A2p1,1x
∣∣∣∣+ 4M ∣∣∣∣ 1p1,1 + p2,1p1,1
∣∣∣∣)2
−B
−1
2
4
(|t2 − 2B2(p2,1x+ z)|+ 4M)2
}
× exp (−4 ∣∣M2(1,−1)κ−1(1,−1)T ∣∣− τM (M + 2)− 4M |x− z|) dt1dt2
❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❞♦♥♥♦♥s ✐❝✐ ❧✬✐♥é❣❛❧✐té ♣♦✉r ❧❛ ♠❛❥♦r❛t✐♦♥ ❡t ❢❛✐s♦♥s ❞❡ ♠ê♠❡ ♣♦✉r
❧❛ ♠✐♥♦r❛t✐♦♥✳ ●râ❝❡ à ❧✬éq✉❛t✐♦♥ (4.5)✱ ♥♦✉s ❛✈♦♥s ✿∫
A
ψ̂(y0:τ , x, z)λˆτ (dy0:τ )
= σ1σ2
∫
B
exp
(−(x, z)κ(x, z)T + t1x+ t2z) exp(−1
4
(t1, t2)κ
−1(t1, t2)T
)
Ψ1(t1, t2)dt1dt2
= σ1σ2
∫
B
exp
(
−1
4
[(t1, t2)− 2(x, z)κT ]κ−1[(t1, t2)T − 2κ(x, z)T ]
)
Ψ1(t1, t2)dt1dt2
= σ1σ2
∫
B
exp
(
−1
4
[(t1, t2)− 2(x, z)κ]κ−1[(t1, t2)− 2(x, z)κ]T
)
×Ψ1
(
2(t1, t2)
1
2
κ−1κ
)
dt1dt2
✹✳✶✳ ❊❙❚■▼❆❚■❖◆ ❉❊❙ ❊❘❘❊❯❘❙ ✺✸
✭●râ❝❡ ❛✉ ❧❡♠♠❛ ✹✳✷✮
≤ σ1σ2
∫
B
exp
(
−1
4
[(t1, t2)− 2(x, z)κ]κ−1[(t1, t2)− 2(x, z)κ]T
)
× C1(h, τ) exp
(
2M |(t1, t2)κ−1(1,−1)T |+ τM (M + 2)
)
dt1dt2 ,
P♦✉r t♦✉s t1 ❡t t2 ❞❛♥s R✱ ♣♦✉r t♦✉t δ ∈ {−2, 2}✱ ♥♦✉s ❛✈♦♥s✿
exp
(
−1
4
[(t1, t2)− 2(x, z)κ]κ−1[(t1, t2)− 2(x, z)κ]T + δM × (t1, t2)κ−1(1,−1)T
)
= exp
(
−1
4
[(t1, t2)− 2(x, z)κ− 2δM(1,−1)]κ−1[(t1, t2)− 2(x, z)κ− 2δM(1,−1)]T
+4M2(1,−1)κ−1(1,−1)T + 2δM(x, z)(1,−1)T )
= exp
(
−1
4
[(t1, t2)P
−1 − 2(x, z)PT
[
A2 0
0 B2
]
− 2δM(1,−1)P−1]
×
[
A−12 0
0 B−12
]
[(t1, t2)P
−1 − 2(x, z)PT
[
A2 0
0 B2
]
− 2δM(1,−1)P−1]T
)
× exp(4M2(1,−1)κ−1(1,−1)T + 2δM(x, z)(1,−1)T ).
❉♦♥❝✱ ❣râ❝❡ à ❝❡tt❡ é❣❛❧✐té✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ ❧❡♠♠❡✳ 
❘❛♣♣❡❧♦♥s πkτ ❡st ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ❜✐❡♥ ✐♥✐t✐❛❧✐sé ❛✈❡❝ ❧❛ ✈r❛✐❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ π0 ❡t π′kτ ❡st
❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ♠❛❧ ✐♥✐t✐❛❧✐sé ❛✈❡❝ ❧❛ ❢❛✉ss❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ π′0✳ ◆♦t♦♥s q✉❡✱ ♣♦✉r t♦✉t❡ ♠❡s✉r❡
µ ∈M+(R)✱
Q˜µ(dx, dx′) = µ(dx)Q(x, dx′) , ∀x, x′ ∈ R2
▲❡ ❧❡♠♠❡ s✉✐✈❛♥t ♥♦✉s ♠♦♥tr❡ q✉❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ πkτ ❡st ❝♦♥❝❡♥tré s✉r ❧❡s ❝♦♠♣❛❝ts Ck(∆)✳
▲❡♠♠❡ ✹✳✹✳ ❙✐
✭✹✳✶✹✮ θ1−ι∆ > 3m0 + 3CMτ , d(∆) > 0 ,
❆❧♦rs✱ ♣♦✉r t♦✉t k ≥ 0✱ ♥♦✉s ❛✈♦♥s ✿
E(πkτ (Ck(∆)
∁)  T (∆)
❉é♠♦♥str❛t✐♦♥✳ P♦✉r t♦✉t k ≥ 1✱ ♥♦✉s ❛✈♦♥s ✿
✶|mk−mk−1|≤∆θ1−ιπkτ (Ck(∆)
∁) = ✶|mk−mk−1|≤∆θ1−ι
×
∫
(x,x′)∈R2
ψk(x, x
′)
〈Q˜π(k−1)τ , ψkτ 〉
✶Ck(∆)∁
(x′)(✶Ck−1(2∆)(x) + ✶Ck−1(2∆)∁(x))Q˜π(k−1)τ (dx, dx
′) ,
❖ù 〈Q˜π(k−1)τ , ψkτ 〉 ❡st ❧✬✐♥té❣r❛❧❡ ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ ψkτ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ Q˜π(k−1)τ ✳
❉✬❛✉tr❡ ♣❛rt✱
P
(
Ykτ ∈ dy|Y0:(k−1)τ
)
=
∫
(x,x′)∈R2
P
(
Ykτ ∈ dy|X(k−1)τ = x,Xkτ = x′
)
× P ((X(k−1)τ , Xkτ) ∈ (dx, dx′)∣∣Y0:(k−1)τ)
✭●râ❝❡ ❛✉ ❧❡♠♠❡ ✶✳✸ ❡t ❛✉ ❧❡♠♠❡ ✶✳✻✮
=
∫
(x,x′)∈R2
ψkτ (y, x, x
′) Q˜π(k−1)τ (dx, dx′) λˆkτ (dy)
◆♦✉s ♦❜t❡♥♦♥s ❞♦♥❝ ✿
✭✹✳✶✺✮
E
(
✶|mk−mk−1|≤∆θ1−ι
∫
R2
ψkτ (x, x
′)
〈Q˜π(k−1)τ , ψkτ 〉
✶Ck(∆)∁
(x′)✶Ck−1(2∆)(x)Q˜π(k−1)τ (dx, dx
′)
∣∣∣∣∣Y0:(k−1)τ
)
✺✹ ✹✳ ❙❚❆❇■▲■❚➱ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
=
∫
y∈C([(k−1)τ,kτ ])
✶|mk−mk−1|≤∆θ1−ι
∫
R2
ψkτ (y, x, x
′)✶Ck(∆)∁(x
′)✶Ck−1(2∆)(x)Q˜πk−1(dx, dx
′)λˆkτ (dy)
✭❊♥ ✉t✐❧✐s❛♥t ❧❡♠♠❡ ✷✳✶✶✱ ❧❡♠♠❡ ✹✳✸ ❡t ❧❡ t❤é♦rè♠❡ ❞❡ ❋✉❜✐♥✐✮
≤ σ1σ2e4|M
2(1,−1)κ−1(1,−1)T |+ 32 τM(M+2) ×
∫
(x,x′)∈R2
∫
(t1,t2)∈R2 : |mk(t2)−mk−1|≤∆θ1−ι
e6M |x−x
′|
× e− 14A2
(∣∣∣ t1p1,1− p2,1t2p1,1 −2A2p1,1x
∣∣∣−4M∣∣∣ 1+p2,1p1,1
∣∣∣)2
e−
1
4B2
(|t2−2B2(p2,1x+x′)|−4M)2
× ✶Ck(∆,t1,t2)∁(x′)✶Ck−1(2∆)(x)dt1dt2Q˜πk−1(dx, dx′) .
P❛r❡✐❧❧❡♠❡♥t✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
E
(∫
R2
ψkτ (x, x
′)
〈Q˜π(k−1)τ , ψkτ 〉
✶Ck(∆)∁
(x′)✶Ck−1(2∆)∁(x)Q˜πk−1(dx, dx
′)
∣∣∣∣∣Y0:(k−1)τ
)
=
∫
y∈C([(k−1)τ,kτ ])
∫
R2
ψkτ (y, x, x
′)✶Ck(∆)∁(x
′)✶Ck−1(2∆)∁(x)Q˜π(k−1)τ (dx, dx
′)λˆkτ (dy)
=
∫
R2
✶Ck(∆)∁
(x′)✶Ck−1(2∆)∁(x)Q˜π(k−1)τ (dx, dx
′) ≤ π(k−1)τ (Ck−1(2∆)∁) .
P♦✉r t♦✉s x ∈ Ck−1(2∆)✱ x′ ∈ Ck(∆, t2)∁✱
|t2 − 2B2(p2,1x+ x′)| =
∣∣∣∣−2B2x′ + t2p2,1 + 1 + p2,1p2,1 + 1 t2 − 2B2p2,1x
∣∣∣∣
≥ ∆
1 + p2,1
− 2B2p2,1|mk(t2)−mk−1| − 2B2p2,1|mk−1 − x|
≥ ∆(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι∆ s✐ |mk(t2)−mk−1| ≤ θ1−ι∆ .
❉♦♥❝✱
E(πkτ (Ck(∆)
∁)) ≤ P(|mk −mk−1| ≥ θ1−ι∆) + E(π(k−1)τ (Ck−1(2∆)∁))
+ σ1σ2
∫
(x,x′)∈R2
∫
(t1,t2)∈R2 : |t2−2B2(p2,1x+x′)|≥∆(1−2p2,1)1+p2,1 −2B2p2,1θ1−ι∆
e6M |x−x
′|+4|M2(1,−1)κ−1(1,−1)T |+ 32 τM(M+2)
× e− 14A2
(∣∣∣ t1p1,1− p2,1t2p1,1 −2A2p1,1x
∣∣∣−4M∣∣∣ 1+p2,1p1,1
∣∣∣)2
× e− 14B2 (|t2−2B2(p2,1x+x′)|−4M)
2
dt1dt2Q˜πk−1(dx, dx′) .
P♦✉r t♦✉t x✱ ♥♦✉s ❛✈♦♥s ✿
P(V(k−2)+τ,kτ ≥ x) = P
(
sup
[(k−2)+τ,kτ ]
Vs − inf
[(k−2)+τ,kτ ]
Vs ≥ x
)
✭✹✳✶✻✮
≤ P
(
sup
[(k−2)+τ,kτ ]
Vs ≥ x/2
)
+ P
(
− inf
[(k−2)+τ,kτ ]
Vs ≥ x/2
)
= 2P(2|V2τ | ≥ x)
✭✹✳✶✼✮ P(W(k−2)+τ,kτ ≥ x) ≤ 2P(2|W2τ | ≥ x) .
❊♥ ✉t✐❧✐s❛♥t (3.7) ❡t ❧❡s ✐♥é❣❛❧✐tés ❛✉✲❞❡ss✉s✱ ♥♦✉s ❞é❞✉✐s♦♥s✿
P(|mk −mk−1| ≥ θ1−ι∆) ≤ 4P
(
Ch× 2|W2τ | ≥ θ
1−ι∆
3
)
= 4P
(
|W1| ≥ θ
1−ι∆
6Ch
√
2τ
)
✹✳✶✳ ❊❙❚■▼❆❚■❖◆ ❉❊❙ ❊❘❘❊❯❘❙ ✺✺
❊♥ ✉t✐❧✐s❛♥t ❧✬✐♥é❣❛❧✐té s✉✐✈❛♥t❡ ♣♦✉r P
(
|W1| ≥ θ1−ι∆6Ch√2τ
)
✱
z > 0 ,
∫ +∞
z
exp
(
− t
2
2
)
dt ≤
exp
(
− z22
)
z
,✭✹✳✶✽✮
◆♦✉s ♦❜t❡♥♦♥s ✿
P(|mk −mk−1| ≥ θ1−ι∆) ≤ 24Ch
√
τ
θ1−ι∆
√
π
exp
(
−1
2
(
θ1−ι∆
6C
√
2τ
)2)
.✭✹✳✶✾✮
P♦✉r t♦✉s x ❡t x′✱ ♥♦✉s ❛✈♦♥s ✿
✭✹✳✷✵✮
∫
(t1,t2)∈R2 : |t2−2B2(p2,1x+x′)|≥∆(1−2p2,1)1+p2,1 −2B2p2,1θ1−ι∆
e
− 14A2
(∣∣∣ t1p1,1− p2,1t2p1,1 −2A2p1,1x
∣∣∣−4M∣∣∣ 1+p2,1p1,1
∣∣∣)2
× e− 14B2 (|t2−2B2(p2,1x+x′)|−4M)
2
dt1dt2
✭❈❤❛♥❣❡♠❡♥t ❞❡s ✈❛r✐❛❜❧❡s ✿
(
t′1
t′2
)
= (P−1)T
(
t1
t2
)
)
=
∫
(t′1,t
′
2)∈R2 : |t′2−2B2(p2,1x+x′)|≥
∆(1−2p2,1)
1+p2,1
−2B2p2,1θ1−ι∆
e
− 14A2
(|t′1−2A2p1,1x|−4M
∣∣∣ 1+p2,1p1,1
∣∣∣)2
× e− 14B2 (|t′2−2B2(p2,1x+x′)|−4M)
2
p1,1dt
′
1dt
′
2
✭❆ ♣❛rt✐r ❞❡ ✭✹✳✶✽✮ ❡t ❞✉ t❤é♦rè♠❡ ❞❡ ❋✉❜✐♥✐✱ ✈♦②♦♥s ❛✉ss✐ ❧✬❡①♣❧✐❝❛t✐♦♥ ❆✳✷✮
≤
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
4B2
d(∆)
exp
(
− 1
4B2
(d(∆))
2
)
p1,1 .
❉✬❛✉tr❡ ♣❛rt✱ à ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✷✳✶✱
✭✹✳✷✶✮
∫
(x,x′)∈R2
e6M |x−x
′|Q˜π(k−1)τ (dx, dx′)
≤
∫
(x,x′)∈R2
1√
2πτ
exp
(
− (x− x
′)2
2τ
+ 7M |x− x′|+ τM
2
)
dx′πk−1(dx)
≤ 2 exp
(
49
2
M2τ +
τM
2
)
.
◆♦✉s ❛✈♦♥s ✿
E(πkτ (Ck(∆)
∁)) ≤ E(π(k−1)τ (Ck−1(2∆)∁)) + 24Ch
√
τ
θ1−ι∆
√
π
exp
(
−1
2
(
θ1−ι∆
6C
√
2τ
)2)
+
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
σ1σ2p1,1
8B2
d(∆)
× exp
(
− 1
4B2
(d(∆))
2
+
49
2
M2τ +
τM
2
(3M + 7) + 4
∣∣M2(1,−1)κ−1(1,−1)T ∣∣) .
❊♥ ♥♦t❛♥t q✉❡✱ ♣♦✉r t♦✉t i > 0✱
d(2i∆) =2id(∆) + 4M(2i − 1) ≥ 2id(∆) ≥ d(∆)
◆♦✉s ♦❜t❡♥♦♥s✱ ❞♦♥❝ ✿
E(πkτ (Ck(∆)
∁)) ≤ E(π0(C0(2k∆)∁)) +
k−1∑
i=0
(
24Ch
√
τ
2iθ1−ι∆
√
π
exp
(
−1
2
(
2iθ1−ι∆
6C
√
2τ
)2)
+
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
σ1σ2p1,1
✺✻ ✹✳ ❙❚❆❇■▲■❚➱ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
× 8B2e
49
2 M
2τ+ τM2 (3M+7)+4|M2(1,−1)κ−1(1,−1)T |
d(2i∆)
exp
(
− 1
4B2
(
d(2i∆)
)2))
≤ E(π0(C0(∆)∁)) +
24Ch
√
τ exp
(
− 12
(
θ1−ι∆
6C
√
2τ
)2)
θ1−ι∆
√
π
+∞∑
i=0
1
2i
+
+
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
× σ1σ2p1,1 8B2e
49
2 M
2τ+ τM2 (3M+7)+4|M2(1,−1)κ−1(1,−1)T |
d(∆)
exp
(
− 1
4B2
(d(∆))
2
))+∞∑
i=0
1
2i
= E(π0(C0(∆)
∁)) +
48Ch
√
τ exp
(
− 12
(
θ1−ι∆
6C
√
2τ
)2)
θ1−ι∆
√
π
+
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
× σ1σ2p1,1 16B2e
49
2 M
2τ+ τM2 (3M+7)+4|M2(1,−1)κ−1(1,−1)T |
d(∆)
exp
(
− 1
4B2
(d(∆))
2
)
.

❈♦r♦❧❧❛✐r❡ ✹✳✺✳ ❙✉♣♣♦s♦♥s q✉❡ π′0 ❡t π0 s♦♥t ❝♦♠♣❛r❛❜❧❡s✳ ❙♦✉s ❧✬❤②♣♦t❤ès❡ ❞✉ ❧❡♠♠❡ ♣ré✲
❝é❞❡♥t✱ ♣♦✉r t♦✉t k ≥ 0✱ ♥♦✉s ❛✈♦♥s ✿
E(π′kτ (Ck(∆)
∁)  T (∆)eh(π0,π′0)
❉é♠♦♥str❛t✐♦♥✳ P♦✉r t♦✉t k ≥ 0✱ ♥♦✉s ❛✈♦♥s ✿
h (πkτ , π
′
kτ ) ≤ h (π0, π′0)✭✹✳✷✷✮
❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r t♦✉t ❧✬❡♥s❡♠❜❧❡ A t❡❧ q✉❡ π′kτ (A) > 0✱ ♥♦✉s ❛✈♦♥s ✿
exp (−h (πkτ , π′kτ )) ≤
πkτ (A)
π′kτ (A)
≤ exp (h (πkτ , π′kτ ))✭✹✳✷✸✮
❉♦♥❝✱
E(π′kτ (Ck(∆)
∁) ≤ E(h (π0, π′0)πkτ (Ck(∆)∁)  T (∆)eh(π0,π
′
0)

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳ ❙✉♣♣♦s♦♥s q✉❡ ∆ s❛t✐s❢❛✐t ❧✬❤②♣♦t❤ès❡ ❞✉ ❧❡♠♠❡ ♣ré❝é❞❡♥t✳ P♦✉r t♦✉t k ≥ 1✱
♥♦✉s ❛✈♦♥s ✿
E(‖π′kτ −R
∆
k (π
′
(k−1)τ )‖)  T (∆)e2h(π0,π
′
0).
❉é♠♦♥str❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✻✳ ❉é✜♥✐ss♦♥s ❞❡s ♠❡s✉r❡s s✉r R2✿
µ = Q˜π′(k−1)τ ,
µ′(dx, dx′) = ✶Ck(∆)(x
′)Q˜(✶Ck−1(∆)π
′
(k−1)τ )(dx, dx
′)
+ π′(k−1)τ (Ck−1(∆)
∁)ξ1(Dk,∆)✶Ck(∆)(x
′)dxdx′ ,
❖ù ✿
Q˜(✶Ck−1(∆)π
′
(k−1)τ )(dx, dx
′) = ✶Ck−1(∆)(x)π
′
(k−1)τ (dx)Q(x, dx
′) .
P❛r ❞é✜♥✐t✐♦♥ ✸✳✶✹ ❞❡ ❧✬♦♣ér❛t❡✉r R
∆
❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝❛❧❝✉❧s ❞❛♥s ❬❖❘✵✺❪✱ ♣❛❣❡ ✹✸✸✱ ♥♦✉s
♦❜t❡♥♦♥s ✿
‖π′kτ −R
∆
k (π
′
(k−1)τ )‖TV ≤ ‖ψkτ • µ− ψkτ • µ′‖TV
≤ 2
∫
R2
ψkτ (x, x
′)
〈Q˜π′(k−1)τ , ψkτ 〉
× [✶Ck(∆)∁(x′)Q˜(✶Ck−1(∆)π′(k−1)τ )(dx, dx′)
✹✳✶✳ ❊❙❚■▼❆❚■❖◆ ❉❊❙ ❊❘❘❊❯❘❙ ✺✼
+Q˜(✶Ck−1(∆)cπ
′
(k−1)τ )(dx, dx
′)
+π′(k−1)τ (Ck−1(∆)
∁)ξ1(Dk,∆)✶Ck(∆)(x
′)dxdx′] .✭✹✳✷✹✮
◆♦✉s ❛✈♦♥s ✿
✭✹✳✷✺✮ E
(∫
R2
ψkτ (x, x
′)
〈Q˜π′(k−1)τ , ψkτ 〉
× Q˜(✶Ck−1(∆)∁π′(k−1)τ )(dx, dx′)
∣∣∣∣∣Y0:(k−1)τ
)
=
∫
y∈C([(k−1)τ,kτ ])
∫
R2
ψ(y, x, x′)
〈Q˜π′(k−1)τ , ψkτ 〉
✶Ck−1(∆)∁
(x)Q˜π′(k−1)τ (dx, dx
′)
×
∫
R2
Q˜π(k−1)τ (du, du′)ψ (y, u, u′) λˆkτ (dy)
(❣râ❝❡ ❛✉① (4.22) ❡t (4.23))
≤ eh(π0,π′0)
∫
y∈C([(k−1)τ,kτ ])
∫
R2
ψ(y, x, x′)✶Ck−1(∆)∁(x)Q˜π
′
(k−1)τ (dx, dx
′)λˆkτ (dy)
= eh(π0,π
′
0)π′(k−1)τ (Ck−1(∆)
∁)
❊t✱
✭✹✳✷✻✮ E
(∫
R2
ψkτ (x, x
′)
〈Q˜π′(k−1)τ , ψkτ 〉
π′(k−1)τ (Ck−1(∆)
∁)ξ1(Dk,∆)✶Ck(∆)(x
′)dxdx′
∣∣∣∣∣Y0:(k−1)τ
)
≤ eh(π0,π′0)
∫
y∈C([(k−1)τ,kτ ])
∫
R2
ψ(y, x, x′)π′(k−1)τ (Ck−1(∆)
∁)ξ1(Dk,∆)✶Ck(∆)(x
′)dxdx′λˆkτ (dy)
≤ eh(π0,π′0)π′(k−1)τ (Ck−1(∆)∁) .
◆♦✉s ❛✈♦♥s ✿
E
(
✶|mk−mk−1|≤∆θ1−ι
∫
R2
ψkτ (x, x
′)
〈Q˜π′(k−1)τ , ψkτ 〉
✶Ck(∆)∁
(x′)Q˜(✶Ck−1(∆)π
′
(k−1)τ )(dx, dx
′)
∣∣∣∣∣Y0:(k−1)τ
)
=
∫
y∈C([(k−1)τ,kτ ])
✶|mk−mk−1|≤∆θ1−ι
∫
R2
ψ(y, x, x′)
〈Q˜π′(k−1)τ , ψkτ 〉
✶Ck(∆)∁
(x′)✶Ck−1(∆)(x)Q˜π
′
(k−1)τ (dx, dx
′)
×
∫
R2
Q˜π(k−1)τ (du, du′)ψ (y, u, u′) λˆkτ (dy)
(à ♣❛rt✐r ❞❡s (4.22) , (4.23))
≤ e2h(π0,π′0)
∫
y∈C([(k−1)τ,kτ ])
✶|mk−mk−1|≤∆θ1−ι
∫
R2
ψ(y, x, x′)✶Ck(∆)∁(x
′)✶Ck−1(2∆)(x)Q˜π(k−1)τ (dx, dx
′)λˆkτ (dy)
✭à ♣❛rt✐r ❞❡s ✭✹✳✶✺✮✱ ✭✹✳✷✵✮ ❡t ✭✹✳✷✶✮✮
≤ e2h(π0,π′0)
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
σ1σ2p1,1
8B2
d(∆)
× exp
(
− 1
4B2
d(∆)2 +
49
2
M2τ +
τM
2
(3M + 7) + 4
∣∣M2(1,−1)κ−1(1,−1)T ∣∣)
❯t✐❧✐s♦♥s ❡♥ ♣❧✉s ❧✬❡①♣r❡ss✐♦♥ (4.19)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
E
(∫
R2
ψkτ (x, x
′)
〈Q˜π(k−1)τ , ψkτ 〉
✶Ck(∆)∁
(x′)Q˜(✶Ck−1(∆)π(k−1)τ )(dx, dx
′)
∣∣∣∣∣Y0:(k−1)τ
)
≤ e2h(π0,π′0)T (∆)
✭✹✳✷✼✮
❉♦♥❝✱ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✻ ❡st ❜✐❡♥ ♠♦♥tré❡ ❣râ❝❡ ❛✉① (4.24)− (4.27) ❡t ❣râ❝❡ ❛✉ ❧❡♠♠❡ ✹✳✹✳ 
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❈♦r♦❧❧❛✐r❡ ✹✳✼✳ ❙✉♣♣♦s♦♥s q✉❡ ∆ s❛t✐s❢❛✐t ❧✬❤②♣♦t❤ès❡ ❞✉ ❧❡♠♠❡ ♣ré❝é❞❡♥t✳ P♦✉r t♦✉t k ≥ 1✱
♥♦✉s ❛✈♦♥s ✿
E(‖πkτ −R∆k (π(k−1)τ )‖)  T (∆)
✹✳✶✳✷✳ ▲✬❡rr❡✉r ❣❧♦❜❛❧❡✳ ❘❛♣♣❡❧♦♥s q✉❡ ” 
△
” ❡st ❞é✜♥✐❡ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✻✱ ♥♦✉s ❛✈♦♥s
❧❡ rés✉❧t❛t s✉✐✈❛♥t✳ ◆♦t♦♥s ‖.‖ ♣♦✉r ❧❛ ♥♦r♠❡ ❞❡ ✈❛r✐❛t✐♦♥ t♦t❛❧❡✳ ◆♦✉s ❛✈♦♥s ❧❡s rés✉❧t❛t s✉✐✈❛♥ts✳
▲❡♠♠❡ ✹✳✽✳ P♦✉r t♦✉s n ≥ 1 ❡t k ❞❛♥s {1, 2, . . . n− 1}✱ ♣♦✉r t♦✉t❡s ♠❡s✉r❡s µ ❡t µ′ ❞❛♥s
P (R)✱
‖R∆n:k+1(µ)−R
∆
n:k+1(µ
′)‖ ≤
≤ 2
⌊n−k2 ⌋∏
i=1
(1− c0(ǫ2k+2i−1ǫk+2iǫ′k+2i)2)
(
inf
(
1,
‖µ− µ′‖
c0(ǫ2k+1ǫk+2ǫ
′
k+2)
2
))
❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r ❝❡ ❧❡♠♠❡ ❞❛♥s ❧❡ ❝❛s ♦ù n−k ❡st ✐♠♣❛✐r✱ ♥♦✉s ❢❛✐s♦♥s
❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ❛✈❡❝ ❧❡ ❝❛s ♣❛✐r✳ ➚ ♣❛rt✐r ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✼✱ ❞❡ ❧❛ r❡♠❛rq✉❡ ✸✳✽✱ ♣♦✉r t♦✉t❡
♠❡s✉r❡ µ ∈ P (R)✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ✱ ♥♦✉s ❛✈♦♥s ✿
R
∆
n:k+1(µ) (ϕ) ∝
∫
ϕ
(
u
(1)
n+1
) (n−k)/2∏
i=1
ψ∆k+2i−1 (uk+2i−1)
(n−k−2)/2∏
i=1
SUn|k+2i−1 (uk+2i−1, duk+2i+1)
× SUn|n+1
(
un−1, du(1)n
)∫
z′∈R
S∆n|k
((
0, z
(2)
k
)
,
(
du
(2)
k+1, dz
′
))(
ψ∆n|k (0, .) • µ
)(
dz
(2)
k
)
❖ù ♦♥ ✐♥tè❣r❡ s✉r z(2)k ∈ R✱ uk+1, uk+3, . . . , un−1 ❞❛♥s R2 ❡t u(1)n ∈ R✳ ➚ ♣❛rt✐r ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥
✸✳✹✱ ♣♦✉r t♦✉t i ❞❛♥s {1, 2, . . . , 1 + (n− k) /2}✱ ♥♦✉s s❛✈♦♥s q✉❡ SUn|k+2i−1 ❡st ♠é❧❛♥❣❡❛♥t ❛✈❡❝
❧❡ ❝♦❡✣❝✐❡♥t c0(ǫ2k+2i−1ǫk+2iǫ
′
k+2i)
2✳ ➚ ♣❛rt✐r ❧❛ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳✶ ❡t ❞❡ ❧✬éq✉❛t✐♦♥ (1.4)✱ ♥♦✉s
♦❜t❡♥♦♥s ✿
‖R∆n:k+1(µ)−R
∆
n:k+1(µ
′)‖ ≤
≤ 2
⌊n−k2 ⌋∏
i=1
(1− c0(ǫ2k+2i−1ǫk+2iǫ′k+2i)2)
(
inf
(
1,
‖µ− µ′‖
c0(ǫ2k+1ǫk+2ǫ
′
k+2)
2
))

Pr♦♣♦s✐t✐♦♥ ✹✳✾✳ ■❧ ❡①✐st❡ h∞ ❡t τ∞ t❡❧❧❡s q✉❡✱ s✐ h ≥ h∞ ❡t τ ≥ τ∞✱ ❛❧♦rs✱ ♣♦✉r t♦✉t n ≥ 0✱
log(E(‖πnτ − π∆nτ‖)) △ −
1
4B2
(
1− 2p2,1
1 + p2,1
− 2θ1−ιB2p2,1
)2
∆2
❊t✱
log(E(‖π′nτ − (π′)∆nτ ‖)) △ −
1
4B2
(
1− 2p2,1
1 + p2,1
− 2θ1−ιB2p2,1
)2
∆2 + h (π0, π
′
0)
❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❛✈♦♥s ✿
✭✹✳✷✽✮ ‖πnτ − π∆nτ‖ ≤ ‖πnτ −R
∆
n (π(n−1)τ )‖+
n−1∑
k=1
‖R∆n:k+1(πkτ )−R
∆
n:k+1(R
∆
k (π(k−1)τ ))‖
❋✐①♦♥s k ∈ {1, 2, . . . , n− 1}✳ ❆ ♣❛rt✐r ❞✉ ❧❡♠♠❡ ♣ré❝é❞❡♥t✱ ♥♦✉s ❛✈♦♥s ✿
✭✹✳✷✾✮ ‖R∆n:k+1(πkτ )−R
∆
n:k+1(R
∆
k (π(k−1)τ ))‖
≤ 2
⌊n−k2 ⌋∏
i=1
(1− c0(ǫ2k+2i−1ǫk+2iǫ′k+2i)2)
(
inf
(
1,
‖πkτ −R∆k (π(k−1)τ )‖
c0(ǫ2k+1ǫk+2ǫ
′
k+2)
2
))
.
✹✳✶✳ ❊❙❚■▼❆❚■❖◆ ❉❊❙ ❊❘❘❊❯❘❙ ✺✾
≤ 2
⌊n−k2 ⌋∏
i=2
(1− c0(ǫ2k+2i−1ǫk+2iǫ′k+2i)2)
(
inf
(
1,
‖πkτ −R∆k (π(k−1)τ )‖
c0(ǫ2k+1ǫk+2ǫ
′
k+2)
2
))
.
❆ ♣❛rt✐r ❞✉ ❧❡♠♠❡ ✸✳✾✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✭✹✳✸✵✮ E(‖R∆n:k+1(πkτ )−R
∆
n:k+1(R
∆
k (π(k−1)τ ))‖)
= E(E(‖R∆n:k+1(πkτ )−R
∆
n:k+1(R
∆
k (π(k−1)τ ))‖ | Y0:(k+2)τ ))
≤ 2
(
1− c0 (ǫ
3(L,∆)ǫ′(L,∆))2
2
)(⌊n−k2 ⌋−2)+
E
(
inf
(
1,
‖πkτ −R∆k (π(k−1)τ )‖
c0(ǫ2k+1ǫk+2ǫ
′
k+2)
2
))
.
❆ ♣❛rt✐r ❞❡ ❬❖❘✵✺❪✱ ♣❛❣❡ ✹✸✹✱ ♥♦✉s ♣♦✉✈♦♥s ❜♦r♥❡r ✿
✭✹✳✸✶✮
inf
(
1,
‖πkτ −R∆k (π(k−1)τ )‖
c0(ǫ2k+1ǫk+2ǫ
′
k+2)
2
)
≤ inf
(
1,
T (∆)
c20(ǫ
2
k+1ǫk+2ǫ
′
k+2)
4
)
+ inf
(
1,
‖πkτ −R∆k (π(k−1)τ )‖2
T (∆)
)
,
✭✹✳✸✷✮ E
(
inf
(
1,
‖πkτ −R∆k (π(k−1)τ )‖2
T (∆)
))
= E
(
‖πkτ −R∆k (π(k−1)τ )‖2
T (∆)
✶[0,1]
(
‖πkτ −R∆k (π(k−1)τ )‖2
T (∆)
))
+ P
(
‖πkτ −R∆k (π(k−1)τ )‖2
T (∆)
> 1
)
≤ 2√
T (∆)
E(‖πkτ −R∆k (π(k−1)τ )‖)✭●râ❝❡ à ❧❛ ♣r♦♣✳ ✹✳✻✮ 
√
T (∆) .
▼❛✐♥t❡♥❛♥t✱ ♥♦✉s tr❛ît♦♥s ❧❡ t❡r♠❡ inf(1, T (∆)c−20 (ǫ
2
k+1ǫk+2ǫ
′
k+2)
−4)✳ ◆♦t♦♥s ✿
ǫ1 (z) =

exp
(
12z∆
τB2(1+p2,1)
+ 12M(z + ∆B2(1+p2,1) ) + 3τM (M + 2)
)
s✐ z ≥ ∆B2(1+p2,1) ,
exp
(
3
(
z+ ∆
B2(1+p2,1)
)2
τ + 12M(z +
∆
B2(1+p2,1)
) + 3τM (M + 2)
)
s✐ ♥♦♥ ✳
✭✹✳✸✸✮
✭✹✳✸✹✮ ǫ2 (z) = exp
(
4B2p
2
2,1
(
∆
B2(1 + p2,1)
+ z
)2
+ 4 (2M +∆|p2,1|)
(
∆
B2(1 + p2,1)
+ z
))
.
◆♦✉s ♦❜t❡♥♦♥s q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ǫ1 (z) ❡t ǫ2 (z) s♦♥t ❝r♦✐ss❛♥t❡s ♣❛r r❛♣♣♦rt à z✳
❆ ♣❛rt✐r ❞❡ ✭✸✳✻✮✱ ✭✸✳✼✮✱ ♥♦✉s ♦❜t❡♥♦♥s✿
✭✹✳✸✺✮ Dk+1 ≤ C(τM + V(k−1)τ,(k+2)τ +W(k−1)τ,(k+2)τ ) ,
✭✹✳✸✻✮ Dk+2 ≤ C(τM + V(k−1)τ,(k+2)τ +W(k−1)τ,(k+2)τ ) .
◆♦t♦♥s Z , V(k−1)τ,(k+2)τ +W(k−1)τ,(k+2)τ ✳ ❉♦♥❝✱
(ǫ2k+1ǫk+2ǫ
′
k+2)
−4 ≤ ǫ1 (C (τM + Z)) ǫ2 (C (τM + Z)))✭✹✳✸✼✮
❈♦♠♠❡ ❧❡s ✈❛r✐❛❜❧❡s V(k−1)τ,(k+2)τ ❡t W(k−1)τ,(k+2)τ s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❡t ❝♦♥trô❧é❡s ♣❛r ❞❡s
éq✉❛t✐♦♥s (4.16) ❡t (4.17)✱ ♥♦✉s ♣♦✉✈♦♥s ♠❛❥♦r❡r ✿
∀x ∈ R,P (V(k−1)τ,(k+2)τ +W(k−1)τ,(k+2)τ ≥ x) ≤ 2P (2W0,3τ ≥ x/2)
≤ 4P (4 |W3τ | ≥ x)
✻✵ ✹✳ ❙❚❆❇■▲■❚➱ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲
✭✹✳✸✽✮ E
(
inf
(
1, T (∆)c−20 ǫ1 (C (τM + Z)) ǫ2 (C (τM + Z))
)
✶Z≤ ∆
CB2(1+p2,1)
−τM
)
 T (∆)c−20
×
∫ ∆
CB2(1+p2,1)
0
exp
(
3
(
C (τM + z) + ∆B2(1+p2,1)
)2
τ
+ 12M(C (τM + z)
+
∆
B2(1 + p2,1)
) + 3τM (M + 2)
)
× exp
(
4B2p
2
2,1
(
∆
B2(1 + p2,1)
+ C (τM + z)
)2
+ 4 (2M +∆|p2,1|)
(
∆
B2(1 + p2,1)
+ C (τM + z))
))
× e− z
2
6τ dz
◆♦✉s ♠❛❥♦r♦♥s ❧✬✐♥té❣r❛❧❡ ❛✉✲❞❡ss✉s ♣❛r ✿
∆
CB2(1 + p2,1)
× exp
((
4B2p
2
2,1 +
3
τ
)(
CτM +
(C + 1)∆
B2(1 + p2,1)
)2
+
+ 4 (5M +∆|p2,1|)
(
CτM +
(C + 1)∆
B2(1 + p2,1)
)
+ 3τM (M + 2)
)
◆♦✉s ❛✈♦♥s ✿
± log (∆)−∆2 
△
−∆2
P♦✉r ❧❛ ❢♦♥❝t✐♦♥ T (∆) q✉✐ ❡st ❞é✜♥✐❡ ❞❛♥s ❧❛ ❢♦r♠✉❧❡ (3.9)✱ ♥♦✉s ❛✈♦♥s ❞♦♥❝ ✿
✭✹✳✸✾✮ log(T (∆)) 
△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2 .
■❧ ❡①✐st❡ ❞♦♥❝ h0 ❡t τ0 t❡❧❧❡s q✉❡ ♣♦✉r t♦✉s h ≥ h0 ❡t τ ≥ τ0✱ ♥♦✉s ❛✈♦♥s ✿
✭✹✳✹✵✮ log
(
E
(
inf
(
1, T (∆)c−20 ǫ1 (C (τM + Z)) ǫ2 (C (τM + Z))
)
✶Z≤ ∆
CB2(1+p2,1)
−τM
))

△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
▼❛✐♥t❡♥❛♥t✱ ❝♦♥s✐❞ér♦♥s ✿
E
(
inf
(
1, c−20 T (∆)ǫ1 (C (τM + Z)) ǫ2 (C (τM + Z))
)
✶Z≥ ∆
CB2(1+p2,1)
−τM
)
P♦✉r t♦✉t z > 0✱ ♣♦s♦♥s ✿
Φ(z) = c−20 T (∆)× exp
(
12C (τM + z)∆
τB2(1 + p2,1)
+ 3τM (M + 2)
)
× exp
(
4B2p
2
2,1
(
∆
B2(1 + p2,1)
+ C (τM + z)
)2
+
+ 4 (5M +∆|p2,1|)
(
∆
B2(1 + p2,1)
+ C (τM + z)
))
.
▲❛ ❢♦♥❝t✐♦♥ Φ(z) ❡st ❝r♦✐ss❛♥t❡✳ ❘❡♠❛rq✉♦♥s q✉❡ q✉❛♥❞ z ≥ ∆CB2(1+p2,1) − τM ✭❝❡ t❡r♠❡ ❡st
♣♦s✐t✐❢ q✉❛♥❞∆ ❡st ❛ss❡③ ❣r❛♥❞✮✱ ❧❡ ♣r♦❞✉✐t c−20 T (∆)ǫ1 (C (τM + z)) ǫ2 (C (τM + z)) ❞❡✈✐❡♥t Φ(z)✳
◆♦t♦♥s ✿
z0 = inf{z : Φ(z) ≥ 1} .
Pr❡♥♦♥s ǫ ∈ (0, 1)✱ ♥♦✉s ✈♦✉❧♦♥s ♠♦♥tr❡r q✉❡ z0 ≥ ∆τ1−ǫ q✉❛♥❞ ∆ ❡st ❛ss❡③ ❣r❛♥❞✳ ❈♦♥s✐❞ér♦♥s
Φ(∆τ1−ǫ)✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ❧❡♠♠❡ ✷✳✺✱ ♥♦✉s ❣❛❣♥♦♥s ✿
p2,1 ∼
θ→+∞
−1
θ
, B2 −→
θ→+∞
h
2
.
✹✳✶✳ ❊❙❚■▼❆❚■❖◆ ❉❊❙ ❊❘❘❊❯❘❙ ✻✶
■❧ ❡①✐st❡ ❞♦♥❝ h1 ❡t τ1 t❡❧❧❡s q✉❡ ♣♦✉r t♦✉s h ≥ h1 ❡t τ ≥ τ1✱ ♥♦✉s ❛✈♦♥s ✿
1
2
(
θ1−ι∆
6C
√
2τ
)2
>
1
4B2
(
(1− 2p2,1)△
1 + p2,1
− 2B2p2,1θ1−ι△− 4M
)2
❉♦♥❝✱
log(T (∆)) ∼
∆→+∞
−d(∆)
2
4B2
∼
∆→+∞
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
■❧ ❡①✐st❡ h2 ❡t τ2 t❡❧❧❡s q✉❡ ♣♦✉r t♦✉s h ≥ h2 ❡t τ ≥ τ2✱ ♥♦✉s ❛✈♦♥s ✿
1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
− 12C
τ ǫB2(1 + p2,1)
−
− 4B2p22,1
(
1
B2(1 + p2,1)
+ Cτ1−ǫ
)2
− 4|p2,1|
(
1
B2(1 + p2,1)
+ Cτ1−ǫ
)
> 0
❉♦♥❝✱ ♣♦✉r t♦✉s h ≥ sup(h1, h2)✱ τ ≥ sup(τ1, τ2)✱ ♥♦✉s ❛✈♦♥s✿
Φ(∆τ1−ǫ) −→
∆→+∞
0 ,
❈❡ q✉✐ ❝♦♥✜r♠❡ q✉✬✐❧ ❡①✐st❡ ∆1(τ, h) t❡❧❧❡ q✉❡ ❛✈❡❝ ♣♦✉r t♦✉t ∆ ≥ ∆1(τ, h)✱ ♥♦✉s ❛✈♦♥s ✿
z0 ≥ ∆τ1−ǫ
❉✬❛✉tr❡ ♣❛rt✱ ✐❧ ❡①✐st❡ h3 ❡t τ3 t❡❧❧❡s q✉❡ ♣♦✉r t♦✉s h ≥ h3 ❡t τ ≥ τ3✱ ♥♦✉s ❛✈♦♥s ✿
1
48τ
− 4B2p22,1 > 0
❈❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ ♣♦✉r t♦✉s h ≥ h3 ❡t τ ≥ τ3✱ ❧✬✐♥té❣r❛❧❡
∫
R
Φ(z) exp
(
− z26τ
)
dz ❡st ✜♥✐❡✳ ❖♥
♣❡✉t ❞♦♥❝ ❝❛❧❝✉❧❡r ✿∫
R
Φ(z) exp
(
− z
2
6τ
)
dz = c−20 T (∆) exp
(
4 (5M +∆|p2,1|)
(
∆
B2(1 + p2,1)
+ CτM
)
+
12∆CM
B2(1 + p2,1)
+ 4B2p
2
2,1
(
∆
B2(1 + p2,1)
+ CτM
)2
+ 3τM (M + 2)
)
×
∫
R
exp
(
−
(
1
6τ
− 4B2p22,1C2
)
z2+
+
(
12∆C
τB2(1 + p2,1)
+ 8B2p
2
2,1C
(
∆
B2 (1 + p2,1)
+ CτM
)
+ 4C (5M +∆|p2,1|)
)
z
)
dz
▲❛ ❞❡r♥✐èr❡ ✐♥té❣r❛❧❡ ❛✉✲❞❡ss✉s ❡st é❣❛❧❡ à ✿√
2π
(
1
6τ
− 4B2p22,1
)−1
× exp
(
1
4
(
1
6τ
− 4B2p22,1
)−1
×
(
12∆C
τB2(1 + p2,1)
+ 8B2p
2
2,1C
(
∆
B2 (1 + p2,1)
+ CτM
)
+ 4C (5M +∆|p2,1|)
)2)
.
❉♦♥❝✱ ✐❧ ❡①✐st❡ h4 ❡t τ4 t❡❧❧❡s q✉❡ ♣♦✉r t♦✉s h ≥ h4 ❡t τ ≥ τ4✱ ♥♦✉s ❛✈♦♥s ✿
✭✹✳✹✶✮ log
(∫
R
Φ(z) exp
(
− z
2
6τ
)
dz
)

△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2.
P♦✉r t♦✉s h ≥ sup(h1, h2, h3, h4), τ ≥ sup(τ1, τ2, τ3, τ4), ♥♦✉s ♣♦✉✈♦♥s ❞♦♥❝ ♠❛❥♦r❡r ✿
✭✹✳✹✷✮ E
(
inf
(
1, T (∆)c−20 ǫ1 (C (τM + Z)) ǫ2 (C (τM + Z))
)
✶Z≥ ∆
CB2(1+p2,1)
−τM
)
= E
(
inf (1,Φ(Z))✶Z≥ ∆
CB2(1+p2,1)
−τM
)
✻✷ ✹✳ ❙❚❆❇■▲■❚➱ ❉❯ ❋■▲❚❘❊ ❖P❚■▼❆▲

∫ z0
0
Φ(z) exp
(
− z
2
6τ
)
dz +
∫ +∞
z0
exp
(
− z
2
6τ
)
dz
≤
∫
R
Φ(z) exp
(
− z
2
6τ
)
dz +
exp
(
− z206τ
)
z0
P❛r ❛✐❧❧❡✉rs✱
log
exp
(
− z206τ
)
z0
 ≤ −∆2τ1−2ǫ
6
− log∆− (1− ǫ) log τ

△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2.✭✹✳✹✸✮
❉♦♥❝✱ à ♣❛rt✐r ❞❡s (4.41)− (4.43) ❡t ❞✉ ❧❡♠♠❡ ✷✳✼✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✭✹✳✹✹✮ log
(
E
(
inf
(
1, T (∆)c−20 ǫ1 (C (τM + Z)) ǫ2 (C (τM + Z))
)
✶Z≥ ∆
CB2(1+p2,1)
−τM
))

△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
❊♥ ✉t✐❧✐s❛♥t ❧❡ ❧❡♠♠❡ ✷✳✼ ❡t ❧❡s ❢♦r♠✉❧❡s (4.40) ❡t (4.44)✱ ♥♦✉s ♦❜t❡♥♦♥s ❛✈❡❝ ♣♦✉r t♦✉s h ≥
sup (h0, . . . , h4) ❡t τ ≥ sup (τ0, . . . , τ4)✱
log
(
E
(
inf
(
1,
T (∆)
c20(ǫ
2
k−1ǫkǫ
′
k)
4
)))

△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2✭✹✳✹✺✮
❆ ♣❛rt✐r ❞❡s (4.31)✱ (4.32)✱ (4.39)✱ ❡t ❞❡ (4.45)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
log
(
E
(
inf
(
1,
‖πkτ −R∆k (π(k−1)τ )‖
c0(ǫ2k−1ǫkǫ
′
k)
2
)))

△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
❊♥ ✉t✐❧✐s❛♥t ❧✬✐♥é❣❛❧✐té (4.28)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
log
(
E
(‖πnτ − π∆nτ‖)) △ − log (ǫ3(L,∆)ǫ′(L,∆))− 14B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2

△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2

✹✳✷✳ ▲❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧
❖♥ ❛♣♣❡❧❧❡ πnτ ❧❡ ✜❧tr❡ ❜✐❡♥ ✐♥✐t✐❛❧✐sé ❛✈❡❝ ❧❛ ✈r❛✐❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ π0✱ ❡t π′nτ ❧❡ ✜❧tr❡ ♠❛❧
✐♥✐t✐❛❧✐sé ❛✈❡❝ ❧❛ ❢❛✉ss❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ π′0 q✉✐ s♦♥t ❞é✜♥✐s r❡s♣❡❝t✐✈❡♠❡♥t✱ ♣❛r ✿
πnτ = Rn:1 (π0) ❡t π
′
nτ = Rn:1 (π
′
0)
▲❡ ♣r♦❜❧è♠❡ ❞❡ st❛❜✐❧✐té ❝♦♥s✐st❡ à ét✉❞✐❡r ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡ ✜❧tr❡ ♦♣t✐♠❛❧ ❡t ❧❡ ✜❧tr❡ ♠❛❧
✐♥✐t✐❛❧✐sé✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛❧❧♦♥s ét❛❜❧✐r ❧❛ st❛❜✐❧✐té ♣❛r r❛♣♣♦rt à ❧❛ ♥♦r♠❡ ✈❛r✐❛t✐♦♥
t♦t❛❧❡✳ ◆♦✉s ❛✈♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t✳
❚❤é♦rè♠❡ ✹✳✶✵✳ ❙♦✐t π′0 ∈ P (R) s❛t✐s❢❛✐s❛♥t ❧❛ ♠ê♠❡ ❝♦♥❞✐t✐♦♥ q✉❡ π0 ✭❍②♣♦t❤ès❡ ✸✮✳ ❙✉♣✲
♣♦s♦♥s q✉❡ t♦✉s ❧❡s ♣❛r❛♠ètr❡s h✱ τ ✱ ∆ s❛t✐s❢♦♥t ❧✬❤②♣♦t❤ès❡ ✶ ❡t ❧✬❤②♣♦t❤ès❡ ✷✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡
✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ν0 t❡❧❧❡ q✉❡ ✿
E (‖πnτ − π′nτ‖) = O(n−ν0) .
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❉é♠♦♥str❛t✐♦♥✳ ◆♦✉s ❞é❝♦♠♣♦s♦♥s ✿
✭✹✳✹✻✮ ‖πnτ − π′nτ‖ ≤ ‖πnτ −R
∆
n ◦ · · · ◦R
∆
1 (π0)‖+ ‖R
∆
n ◦ · · · ◦R
∆
1 (π0)−R
∆
n ◦ · · · ◦R
∆
1 (π
′
0)‖
+ ‖R∆n ◦ · · · ◦R
∆
1 (π
′
0)− π′nτ‖ .
●râ❝❡ à ❧❛ ♣r♦♣♦s✐t✐♦♥ ✹✳✾✱ ♥♦✉s ❛✈♦♥s ✿
✭✹✳✹✼✮ log(E(‖πnτ −R∆n ◦ · · · ◦R
∆
1 (π0)‖)) △ −
1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
✭✹✳✹✽✮ log(E(‖π′nτ −R
∆
n ◦ · · · ◦R
∆
1 (π
′
0)‖)) △ −
1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
❊♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✶✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
E(‖R∆n ◦ · · · ◦R
∆
1 (π0)−R
∆
n ◦ · · · ◦R
∆
1 (π
′
0)‖) ≤ 2
(
1− c0 (ǫ(L,∆)
3ǫ′(L,∆))2
2
)⌊n−22 ⌋
❆ ♣❛rt✐r ❞❡s ❞é✜♥✐t✐♦♥s (3.12)✱ (3.13) ❡t (3.21)✱ (3.24) ❞❡ ǫ ❡t ǫ′✱ ♥♦✉s ❛✈♦♥s ✿
✭✹✳✹✾✮ log(ǫ(L,∆)6ǫ′(L,∆)2) 
△
−
(
2p22,1
B2(1 + p2,1)2
+
2 |p2,1|
B2(1 + p2,1)
+
3
2τB22(1 + p2,1)
2
)
∆2
P♦✉r t♦✉t ν✱ ❝♦♥s✐❞ér♦♥s ∆n =
√
ν log(n)✳ ❊♥ ✉t✐❧✐s❛♥t ❧✬✐♥é❣❛❧✐té (1− x)n ≤ e−nx, ∀x ∈ (0, 1) , n ∈
N ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ (4.49)✱ ♥♦✉s ♦❜t❡♥♦♥s ❧✬❡①✐st❡♥❝❡ ❞❡s ❝♦♥st❛♥t❡s n0 > 0 ❡t b1 t❡❧❧❡s q✉❡✱
∀n ≥ n0 ✿
✭✹✳✺✵✮
(
1− c0 (ǫ(L,∆n)
3ǫ′(L,∆n))2
2
)⌊n−22 ⌋
≤ exp
(
−c0
2
⌊n− 2
2
⌋(ǫ(L,∆n)3ǫ′(L,∆n))2
)
≤ exp
(
−c0
2
⌊n
2
⌋ exp
(
−b1
(
2p22,1
B2(1 + p2,1)2
+
2 |p2,1|
B2(1 + p2,1)
+
3
2τB22(1 + p2,1)
2
)
∆2n + b2
))
= exp
(
−c0
2
⌊n− 2
2
⌋n−ν′eb2
)
❖ù ν′ = b1ν
(
2p22,1
B2(1 + p2,1)2
+
2 |p2,1|
B2(1 + p2,1)
+
3
2τB22(1 + p2,1)
2
)
✳ ❆ ♣❛rt✐r ❞❡ (4.47) ❡t ❞❡ (4.48)✱
✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s b′1 ❡t b
′
2 t❡❧❧❡s q✉❡ ✿
E(‖πnτ −R∆nn ◦ · · · ◦R
∆n
1 (π0)‖) ≤ exp
(
− b
′
1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2n + b
′
2
)
= n−ν
′′
eb
′
2✭✹✳✺✶✮
❖ù ✿ ν′′ =
b2ν
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
✳ ◆♦✉s ❛✈♦♥s ❧❛ ♠ê♠❡ ❜♦r♥❡ ♣♦✉r E(‖π′nτ − R
∆n
n ◦
· · · ◦R∆n1 (π′0)‖)✳ ❆ ♣❛rt✐r ❞❡ (4.46) ❡t (4.50)− (4.51)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
E (‖πnτ − π′nτ‖) ≤ 2 exp
(
−c0
2
⌊n
2
⌋n−ν′eb2
)
+ 2n−ν
′′
eb
′
2
P♦✉r t♦✉t ǫ ∈ (0, 1)✱ ❡♥ ❝❤♦✐ss✐ss❛♥t ✿
ν = (1− ǫ)
(
b1
(
2p22,1
B2(1 + p2,1)2
+
2 |p2,1|
B2(1 + p2,1)
+
3
2τB22(1 + p2,1)
2
))−1
◆♦✉s ♦❜t❡♥♦♥s ✿ v′ = 1− ǫ✳ ❊♥ sé❧❡❝t✐♦♥♥❛♥t v0 = v
′′
2
✱ ♥♦✉ ♦❜t❡♥♦♥s ✿
nν0E (‖πnτ − π′nτ‖) −→
n→+∞
0
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
❈♦♥❝❧✉s✐♦♥ ❡t ❉é✈❡❧♦♣♣❡♠❡♥t
▲✬ét✉❞❡ ❞❡ ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ♥♦♥ ❧✐♥é❛✐r❡ ❛ ✐♥✐t✐é ❞❡ ♥♦♠❜r❡✉①
tr❛✈❛✉①✳ ▼❛✐s ❧❡s rés✉❧t❛ts s♦♥t ♦❜t❡♥✉ s✉rt♦✉t ❡♥ t❡♠♣s ❞✐s❝r❡t✱ s♦✉s ❝♦♥❞✐t✐♦♥ ❡r❣♦❞✐q✉❡ ♣♦✉r
❧❡ s✐❣♥❛❧ ♦✉ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ♠é❧❛♥❣❡ ✭♠é❧❛♥❣❡ ❢♦rt✮ s✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ q✉✐ s♦♥t ❧❡s
❝♦♥❞✐t✐♦♥s ❢♦rt❡s✳ P♦✉r ❧❡ t❡♠♣s ❝♦♥t✐♥✉✱ ♥♦✉s ♥✬❛✈♦♥s ❣✉èr❡ ❞❡ tr❛✈❛✐❧ t❤é♦r✐q✉❡ q✉✐ ❞♦♥♥❡ ❞❡s
❝♦♥❞✐t✐♦♥s ❞❡ st❛❜✐❧✐té✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é ❡♥ t❡♠♣s ❝♦♥t✐✲
♥✉❡ ♣♦✉r ❧❡ ✜❧tr❛❣❡ q✉✐ ❡st ❝❛♣❛❜❧❡ ❞✬❛♣♣❧✐q✉❡r à ❞❡s ♣r♦❜❧è♠❡s ❞❡ ♣✐st❛❣❡ r❛❞❛r✳ ◆♦✉s ❛✈♦♥s
ét✉❞✐é ❧❛ st❛❜✐❧✐té ♣♦✉r ❧❡ ✜❧tr❡ πnτ ♣❛r r❛♣♣♦rt à s❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡✱ ❛✈❡❝ τ s❛t✐s❢❛✐s❛♥t ❧✬❤②✲
♣♦t❤ès❡ ✷✳ ▲❛ st❛❜✐❧✐té ❞✉ ♠♦❞è❧❡ ❞❛♥s ♥♦tr❡ ❝❛❞r❡ ❞❡ tr❛✈❛✐❧ ❡st ét❛❜❧✐❡ s❛♥s ❛✈♦✐r ❜❡s♦✐♥ ❞❡ ❧❛
♣r♦♣r✐été ❡r❣♦❞✐q✉❡ ♥✐ ❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ♠é❧❛♥❣❡ s✉r ❧❡ s✐❣♥❛❧✳ ❊♥ s❡r✈❛♥t ❧❛ s♦♠♠❡ té❧és❝♦♣✐q✉❡✱
♥♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ❞é❞✉✐t ✉♥❡ ❛♣♣r♦❝❤❡ r♦❜✉st❡ π∆nτ ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧
q✉✐ ❡st st❛❜❧❡✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ❞♦♥♥é ❞❡s ❜♦r♥❡s ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡t ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ❉❛♥s ❧❛ ❧✐♠✐t❡ ❞✉ t❡♠♣s✱ ✐❧ ♥♦✉s r❡st❡ ❞❡s q✉❡st✐♦♥s à ❞é✈❡❧♦♣♣❡r✳
✶✳ ➱t✉❞✐❡r ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ πt ❛✈❡❝ ♣♦✉r t♦✉t t ∈ R+✳ P♦✉r ét✉❞✐❡r
limt→∞ ‖πt − π′t‖V T ✱ ♥♦✉s ✈♦✉❞r✐♦♥s ❝❤❡r❝❤❡r ✉♥❡ ❝♦♥st❛♥t❡ Cτ t❡❧❧❡ q✉❡ ✿
‖πt − π′t‖V T ≤ Cτ
∥∥∥π⌊ tτ ⌋τ − π′⌊ tτ ⌋τ∥∥∥V T
▲❛ st❛❜❧✐té ❞✉ ✜❧tr❡ ❡♥ t❡♠♣s ❝♦♥t✐♥✉ πt s❡r❛ ♦❜t❡♥✉ ❣râ❝❡ à ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ❞✐s❝rét✐sé π⌊ tτ ⌋τ ✳
✷✳ ➱t✉❞✐❡r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛rt✐❝✉❧❛✐r❡ ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧✳ ▲❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ πnτ ♥♦✉s
♣❡r♠❡t ❞❡ ♠♦♥tr❡r q✉❡ ♥♦✉s ♣♦✉✈♦♥s ❛♣♣r♦①✐♠❡r ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s ♣❛r ✉♥ ✜❧tr❡ ♣❛rt✐❝✉❧❛✐r❡
πNnτ ✱ ♦ù N ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡✳ ▲❡ tr❛✈❛✐❧ à ✈❡♥✐r s❡r❛ ❞♦♥❝ ❞❡ ♣r♦♣♦s❡r ❞❡ ♥♦✉✈❡❛✉①
❛❧❣♦r✐t❤♠❡s ♣❛rt✐❝✉❧❛✐r❡s ♣rés❡♥t❛♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣❧✉s st❛❜❧❡ ❞❛♥s ❧❡ t❡♠♣s q✉❡ ❧❡s ♠ét❤♦❞❡s
♣❛rt✐❝✉❧❛✐r❡s ❝❧❛ss✐q✉❡s✳
✻✺

❘és✉♠é
▲❡ ♣r♦❜❧è♠❡ ❞❡ ✜❧tr❛❣❡ ❝♦♥s✐st❡ à ❡st✐♠❡r ❧✬ét❛t ❞✬✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡✱ ❛♣♣❧❡❧é s✐❣♥❛❧ q✉✐
❡st s♦✉✈❡♥t ✉♥ ♣r♦❝❡ss✉s ♠❛r❦♦✈✐❡♥✱ à ♣❛rt✐r ❞✬♦❜s❡r✈❛t✐♦♥ ❜r✉✐té❡s ❞❡s ét❛ts ♣❛ssés ❞✉ s②stè♠❡✳
❉❛♥s ❝❡ ♠é♠♦✐r❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ ✜❧tr❛❣❡ ❡♥ t❡♠♣s ❝♦♥t✐♥✉ ♣♦✉r ❧❡ ♣r♦❝❡ss✉s ❞❡
❞✐✛✉s✐♦♥✳ ▲❡ ❜✉t ❡st ❞✬ét✉❞✐❡r ❧❛ st❛❜✐❧✐té ❞✉ ✜❧tr❡ ♦♣t✐♠❛❧ ♣❛r r❛♣♣♦rt à s❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡
❛✉✲❞❡❧à ❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡ ♠é❧❛♥❣❡ ❢♦rt ♣♦✉r ❧❡ ♥♦②❛✉ ❞❡ tr❛♥s✐t✐♦♥ ❡♥ ✐❣♥♦r❛♥t ❧✬❡r❣♦❞✐❝✐té ❞✉
s✐❣♥❛❧✳
✻✼

❆◆◆❊❳❊ ❆
❉é♠♦♥str❛t✐♦♥s ❝♦♠♣❧é♠❡♥t❛✐r❡s
❆✳✶✳ ❉é♠♦♥str❛t✐♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ♣♦✉r ❧❡ ❧❡♠♠❡ ✹✳✸✳
P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st f ❡t ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣r✐été ♠❛r❦♦✈✐❡♥♥❡
♣♦✉r ❧❛ s✉✐t❡
(
Z2k =
(
Z
(1)
2k , Z
(2)
2k
))
0≤k≤n
✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
✭❆✳✶✮ E
(
f
(
Z
(2)
0 , Z
(1)
2 , Z
(2)
2 , . . . , Z
(1)
2k
)
ϕ
(
Z
(2)
2k , Z
(1)
2k+2
))
=
∫
f
(
z
(2)
0 , z
(1)
2 , z
(2)
2 , . . . , z
(1)
2k
)
ϕ
(
z
(2)
2k , z
(1)
2k+2
)
P
(
Z
(1)
0 ∈ dz(1)0 , Z(2)0 ∈ dz(2)0 , . . . , Z(1)2k ∈ dz(1)2k ,
, Z
(2)
2k ∈ dz(2)2k , Z(1)2k+2 ∈ dz(1)2k+2, Z(2)2k+2 ∈ dz(2)2k+2
)
=
∫
f
(
z
(2)
0 , z
(1)
2 , z
(2)
2 , . . . , z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k
)
ϕ
(
z
(2)
2k , z
(1)
2k+2
)
P
(
Z0 ∈
(
dz
(1)
0 , dz
(2)
0
))
S△2n|0
(
z
(1)
0 , z
(2)
0 , z
(1)
2 , z
(2)
2
)
S△2n|2
(
z
(1)
2 , z
(2)
2 , z
(1)
4 , z
(2)
4
)
. . . S△2n|2k
(
z
(1)
2k , z
(2)
2k , z
(1)
2k+2, z
(2)
2k+2
)
dz
(1)
2 dz
(2)
2 dz
(1)
4 dz
(2)
4 . . . dz
(1)
2k+2dz
(2)
2k+2
✭❆✳✷✮ E
(
f
(
Z
(2)
0 , Z
(1)
2 , Z
(2)
2 , . . . , Z
(1)
2k−2, Z
(2)
2k−2, Z
(1)
2k
)
θϕ
(
Z
(2)
2k−2, Z
(1)
2k
))
=
=
∫
f
(
z
(2)
0 , z
(1)
2 , z
(2)
2 , . . . , z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k
)
θϕ
(
z
(2)
2k−2, z
(1)
2k
)
P
(
Z0 ∈
(
dz
(1)
0 , dz
(2)
0
))
S△2n|0
(
z
(1)
0 , z
(2)
0 , z
(1)
2 , z
(2)
2
)
S△2n|2
(
z
(1)
2 , z
(2)
2 , z
(1)
4 , z
(2)
4
)
. . . S△2n|2k−2
(
z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k , z
(2)
2k
)
dz
(1)
2 dz
(2)
2 . . . dz
(1)
2k dz
(2)
2k
=
∫
P
(
Z0 ∈
(
dz
(1)
0 , dz
(2)
0
))∫
f
(
z
(2)
0 , z
(1)
2 , z
(2)
2 , . . . , z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k
)
θϕ
(
z
(2)
2k−2, z
(1)
2k
)
× S△2n|0
(
z
(1)
0 , z
(2)
0 , z
(1)
2 , z
(2)
2
)
S△2n|2
(
z
(1)
2 , z
(2)
2 , z
(1)
4 , z
(2)
4
)
. . . S△2n|2k−2
(
z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k , z
(2)
2k
)
dz
(1)
2 dz
(2)
2 . . . dz
(1)
2k dz
(2)
2k
=
∫
P
(
Z0 ∈
(
dz
(1)
0 , dz
(2)
0
))∫
f
(
z
(2)
0 , z
(1)
2 , z
(2)
2 , . . . , z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k
)
S△2n|0
(
z
(1)
0 , z
(2)
0 , z
(1)
2 , z
(2)
2
)
S△2n|2
(
z
(1)
2 , z
(2)
2 , z
(1)
4 , z
(2)
4
)
. . . S△2n|2k−4
(
z
(1)
2k−4, z
(2)
2k−4, z
(1)
2k−2, z
(2)
2k−2
)
(
θϕ
(
z
(2)
2k−2, z
(1)
2k
)∫
R
S△2n|2k−2
(
z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k , z
(2)
2k
)
dz
(2)
2k
)
dz
(1)
2 dz
(2)
2 . . . dz
(1)
2k
=
∫
P
(
Z0 ∈
(
dz
(1)
0 , dz
(2)
0
))∫
f
(
z
(2)
0 , z
(1)
2 , z
(2)
2 , . . . , z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k
)
S△2n|0
(
z
(1)
0 , z
(2)
0 , z
(1)
2 , z
(2)
2
)
× S△2n|2
(
z
(1)
2 , z
(2)
2 , z
(1)
4 , z
(2)
4
)
. . . S△2n|2k−4
(
z
(1)
2k−4, z
(2)
2k−4, z
(1)
2k−2, z
(2)
2k−2
)
×∫
ϕ
(
z
(2)
2k , z
(1)
2k+2
)
S△2n|(2k−2)
(
z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k , z
(2)
2k
)
✻✾
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S△2n|2k
(
z
(1)
2k , z
(2)
2k , z
(1)
2k+2, z
(2)
2k+2
)
dz
(2)
2k dz
(1)
2k+2dz
(2)
2k+2dz
(1)
2 dz
(2)
2 . . . dz
(1)
2k
=
∫
f
(
z
(2)
0 , z
(1)
2 , z
(2)
2 , . . . , z
(1)
2k−2, z
(2)
2k−2, z
(1)
2k
)
ϕ
(
z
(2)
2k , z
(1)
2k+2
)
P
(
Z0 ∈
(
dz
(1)
0 , dz
(2)
0
))
S△2n|0
(
z
(1)
0 , z
(2)
0 , z
(1)
2 , z
(2)
2
)
S△2n|2
(
z
(1)
2 , z
(2)
2 , z
(1)
4 , z
(2)
4
)
. . . S△2n|2k
(
z
(1)
2k , z
(2)
2k , z
(1)
2k+2, z
(2)
2k+2
)
dz
(1)
2 dz
(2)
2 dz
(1)
4 dz
(2)
4 . . . dz
(1)
2k+2dz
(2)
2k+2
❉♦♥❝✱ ❡♥ ✐❞❡♥t✐✜❛♥t (A.1) ❡t (A.2)✱ ♥♦✉s ♦❜t❡♥♦♥s ✿
E
(
ϕ (U2k+1) | U1 = (z(2)0 , z(1)2 ), . . . , U2k−1 = (z(2)2k−2, z(1)2k )
)
= θϕ
(
z
(2)
2k−2, z
(1)
2k
)
❆✳✷✳ ▲✬❡①♣❧✐❝❛t✐♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ♣♦✉r ❧❛ ❢♦r♠✉❧❡ ✹✳✷✵
❈♦♥s✐❞ér♦♥s ❧✬✐♥té❣r❛❧❡ ✿∫
t′1∈R
e
− 14A2
(|t′1−2A2p1,1x|−4M
∣∣∣ 1+p2,1p1,1
∣∣∣)2
dt′1 =
∫ +∞
2A2p1,1x
e
− 14A2
(
t′1−2A2p1,1x−4M
∣∣∣ 1+p2,1p1,1
∣∣∣)2
dt′1
+
∫ 2A2p1,1x
−∞
e
− 14A2
(
t′1−2A2p1,1x+4M
∣∣∣ 1+p2,1p1,1
∣∣∣)2
dt′1
P❛r ❝❤❛♥❣❡♠❡♥t ✈❛r✐❛❜❧❡✱ ♥♦✉s ♦❜t❡♥♦♥s ✿∫ +∞
2A2p1,1x
e
− 14A2
(
t′1−2A2p1,1x−4M
∣∣∣ 1+p2,1p1,1
∣∣∣)2
dt′1 =
∫ +∞
−4M
∣∣∣ 1+p2,1p1,1
∣∣∣
e−
1
4A2
u2du
❊t✱ ∫ 2A2p1,1x
−∞
e
− 14A2
(
t′1−2A2p1,1x+4M
∣∣∣ 1+p2,1p1,1
∣∣∣)2
dt′1 =
∫ 4M∣∣∣ 1+p2,1p1,1 ∣∣∣
−∞
e−
1
4A2
u2du
❉♦♥❝✱∫
t′1∈R
e
− 14A2
(|t′1−2A2p1,1x|−4M
∣∣∣ 1+p2,1p1,1
∣∣∣)2
dt′1 =
∫ 4M∣∣∣ 1+p2,1p1,1 ∣∣∣
−4M
∣∣∣ 1+p2,1p1,1
∣∣∣
e−
1
4A2
u2du+
∫ +∞
−∞
e−
1
4A2
u2du
≤ 8M
∣∣∣∣1 + p2,1p1,1
∣∣∣∣+ 2√πA2
❈♦♥s✐❞ér♦♥s ❧✬✐♥té❣r❛❧❡ ✿∫
t′2:|t′2−2B2(p2,1x+x′)|≥d(∆)+4M
e−
1
4B2
(|t′2−2B2(p2,1x+x′)|−4M)2dt′2 = 2
∫ +∞
d(∆)
e−
1
4B2
u2du
≤ 4B2
d (∆)
e−
1
4B2
d(∆)2
❆✳✸✳ ▲✬❡①♣❧✐❝❛t✐♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ♣♦✉r ❧✬✐♥é❣❛❧✐té ✹✳✸✼
❘❛♣♣❡❧♦♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ T (∆) ✿
T (∆) =
24Ch
√
τ exp
(
− 12
(
θ1−ι∆
6C
√
2τ
)2)
θ1−ι∆
√
π
+
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
× σ1σ2p1,1 8B2e
49
2 M
2τ+ τM2 (3M+7)+4|M2(1,−1)κ−1(1,−1)T |
d(∆)
exp
(
− 1
4B2
d(∆)2
)
❖♥ ✈♦✉❞r❛✐t ♠♦♥tr❡r q✉❡ ✿
log(T (∆)) 
△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2 .
❆✳✸✳ ▲✬❊❳P▲■❈❆❚■❖◆ ❈❖▼P▲➱▼❊◆❚❆■❘❊ P❖❯❘ ▲✬■◆➱●❆▲■❚➱ ✹✳✸✼ ✼✶
P♦✉r t♦✉t ∆ ❛ss❡③ ❣r❛♥❞✱ ♥♦✉s ❛✈♦♥s ✿
± log(∆)−∆2 
△
−∆2
log(
24Ch
√
τ exp
(
− 12
(
θ1−ι∆
6C
√
2τ
)2)
θ1−ι∆
√
π
) = log(
24Ch
√
τ
θ1−ι
√
π
)− log(∆)− 1
2
(
θ1−ι∆
6C
√
2τ
)2

△
−1
2
(
θ1−ι∆
6C
√
2τ
)2
log(
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
σ1σ2p1,1
× 8B2e
49
2 M
2τ+ τM2 (3M+7)+4|M2(1,−1)κ−1(1,−1)T |
d(∆)
exp
(
− 1
4B2
d(∆)2
)
)
= log(
(
8M
|1 + p2,1|
p1,1
+ 2
√
πA2
)
σ1σ2p1,18B2e
49
2 M
2τ+ τM2 (3M+7)+4|M2(1,−1)κ−1(1,−1)T |)
− log(d(∆))− 1
4B2
d(∆)2 
△
− 1
4B2
d(∆)2 
△
− 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
❊♥ ♣❧✉s✱ ♣♦✉r t♦✉s h ❡t τ ❛ss❡③ ❣r❛♥❞s✱ ♥♦✉s ❛✈♦♥s ✿
−1
2
(
θ1−ι∆
6C
√
2τ
)2
≤ − 1
4B2
(
(1− 2p2,1)
1 + p2,1
− 2B2p2,1θ1−ι
)2
∆2
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